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(c)

Since and , we conclude that is neither even nor
odd.

The graphs of the functions in Example 11 are shown in Figure 25. Notice that the
graph of h is symmetric neither about the y-axis nor about the origin.

Increasing and Decreasing Functions

The graph shown in Figure 26 rises from to , falls from to , and rises again
from to . The function is said to be increasing on the interval , decreasing
on , and increasing again on . Notice that if and are any two numbers
between and with , then . We use this as the defining prop-
erty of an increasing function.

A function is called increasing on an interval if

It is called decreasing on if

In the definition of an increasing function it is important to realize that the inequal-
ity must be satisfied for every pair of numbers and in with

.
You can see from Figure 27 that the function is decreasing on the inter-

val and increasing on the interval .�0, �����, 0�
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Şekilde grafik A’dan B’ye kadar yükselmekte B’den C’ye kadar düşmekte
ve C’den D’ye kadar tekrar yükselmektedir f fonksiyonu [a, b] aralığında
artan, [b, c] aralığında azalan, [c, d] aralığında ise yine artandır.
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x1 ve x2 noktaları a ve b arasında, x1 < x2 koşulunu sağlayan herhangi
iki nokta ise f(x1) < f(x2) olduğuna dikkat ediniz. Bu özelliği artan
fonksiyonun tanımı için kullanacağız.

I aralığındaki her x1 < x2 için f(x1) < f(x2) ise f fonksiyonu I
aralığında artandır.

I aralığındaki her x1 < x2 için f(x1) > f(x2) ise f fonksiyonu I
aralığında azalandır.
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Artanlık-Azalanlık Testi

(a) Bir aralıkta f ′(x) > 0 ise bu aralıkta f artandır.

(b) Bir aralıkta f ′(x) < 0 ise bu aralıkta f azalandır.
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Örnek 1
f(x) = 3x4 − 4x3 − 12x2 + 5 fonksiyonunun artan ve azalan olduğu
aralıkları bulunuz.

Çözüm.

Burada
f ′(x) = 12x3 − 12x2 − 24x = 12x(x− 2)(x+ 1)

olup artanlık-azalanlık testini kullanmak için nerede f ′(x) > 0, nerede
f ′(x) < 0 olduğunu bilmek zorundayız.
Bu f ′(x)’in çarpanlarının işaretlerine bağlıdır. Bu çarpanlar, 12x, (x− 2)
ve (x+ 1)’dir.
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Çözüm (devamı).

Gerçel doğruyu uç noktaları −1, 0 ve 2 kritik noktaları olan aralıklara
bölelim ve çalışmamızı bir çizelgeye yerleştirelim

x

12x

x − 2

x + 1

f ′(x)

−1 0 2

− − 0 + +

− − − 0 +

− 0 + + 0 +

− + − +

azalan artan azalan artan

Artı işareti, verilen ifadenin pozitif, eksi işareti, verilen ifadenin negatif
olduğunu gösterir.
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Çözüm (devamı).

Dolayısıyla f(x) = 3x4 − 4x3 − 12x2 + 5 fonksiyonu
(−∞,−1) aralığında azalandır,
(−1, 0) aralığında artandır,
(0, 2) aralığında azalandır,
(2,∞) aralığında artandır.
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f nin c de bir yerel maksimumu ya da minimumu varsa, c nin f nin kritik
sayısı olması gerektiğini (Fermat Teoremi), fakat her kritik sayıda bir
maksimum ya da minimum ortaya çıkmayacağını hatırlayalım.
Bunun sonucu olarak kritik sayıda f nin yerel maksimumu ya da
minimumu olup olmadığımız bir teste ihtiyacımız var.

Birinci Türev Testi
Bir f sürekli fonksiyonunun bir kritik sayısının c olduğunu varsayalım.

(a) Eğer f ′ türevi c’de pozitiften negatife değişirse f ’nin c’de bir yerel
maksimumu vardır.

(b) Eğer f ′ türevi c’de negatiften pozitife değişirse f ’nin c’de bir yerel
minimumu vardır.

(c) Eğer f ′ türevi c’de işaret değiştirmezse (f ′, c’nin iki yanında pozitif
ya da negatif ise) f ’nin c’de yerel maksimumu ve minimumu yoktur.
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Recall from Section 4.2 that if has a local maximum or minimum at , then 
must be a critical number of (by Fermat’s Theorem), but not every critical number
gives rise to a maximum or a minimum. We therefore need a test that will tell us
whether or not has a local maximum or minimum at a critical number.

You can see from Figure 3 that is a local maximum value of because 
increases on and decreases on . Or, in terms of derivatives, for

and for . In other words, the sign of changes
from positive to negative at . This observation is the basis of the following test.

The First Derivative Test Suppose that is a critical number of a continuous
function .

(a) If changes from positive to negative at , then has a local maximum
at .

(b) If changes from negative to positive at , then has a local minimum 
at .

(c) If does not change sign at (that is, is positive on both sides of c or
negative on both sides), then has no local maximum or minimum at .

The First Derivative Test is a consequence of the I�D Test. In part (a), for instance,
since the sign of changes from positive to negative at c, f is increasing to the left
of c and decreasing to the right of c. It follows that f has a local maximum at c.

It is easy to remember the First Derivative Test by visualizing diagrams such as
those in Figure 4.

EXAMPLE 3 Find the local minimum and maximum values of the function in
Example 2.

SOLUTION From the chart in the solution to Example 2 we see that changes from
negative to positive at �1, so is a local minimum value by the First
Derivative Test. Similarly, changes from negative to positive at 2, so 
is also a local minimum value. As previously noted, is a local maximum
value because changes from positive to negative at 0.

Concavity

Let us recall the definition of concavity from Section 2.10.

A function (or its graph) is called concave upward on an interval if is an
increasing function on . It is called concave downward on if is decreas-
ing on .I
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Örnek 2
f(x) = 3x4 − 4x3 − 12x2 + 5 fonksiyonunun yerel maksimum ve
minimum değerlerini bulunuz.

Çözüm.

x

12x

x − 2

x + 1

f ′(x)

−1 0 2

− − 0 + +

− − − 0 +

− 0 + + 0 +

− + − +

Çizelgeden f ′(x)’in (−1) noktasında negatiften pozitife değiştiğini
görürüz. Dolayısıyla, f(−1) = 0, Birinci Türev Testi ile bir yerel
minimum değeridir.
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Çözüm (devamı).

x

12x

x − 2

x + 1

f ′(x)

−1 0 2

− − 0 + +

− − − 0 +

− 0 + + 0 +

− + − +

Benzer olarak, f ′ türevi 2’de negatiften pozitife değişir. Burada
f(2) = −27’de bir yerel minimum değeridir.
Daha önce de belirtildiği gibi f(0) = 5 bir yerel maksimum değeridir
çünkü f ′(x) türevi 0’da pozitiften negatife değişir.
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Düşey Asimptot

Tanım 3

lim
x→a

f(x) =∞ lim
x→a−

f(x) =∞ lim
x→a+

f(x) =∞

lim
x→a

f(x) = −∞ lim
x→a−

f(x) = −∞ lim
x→a+

f(x) = −∞

ifadelerinden en az birinin doğru olması durumunda x = a doğrusuna
y = f(x) eğrisinin düşey asimptotu denir.
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Örnek 4
y = tanx ve y = lnx fonksiyonlarının grafiklerinde düşey asimptotlar
vardır.

Şekilden
lim
x→0+

lnx = −∞

olduğu görülür.

and so the line (the y-axis) is a vertical asymptote. In fact, the same is true for
provided that . (See Figures 11 and 12 in Section 1.6.)

Figure 7 shows that

and so the line is a vertical asymptote. In fact, the lines ,
n an integer, are all vertical asymptotes of .

EXAMPLE 2 Find .

SOLUTION We introduce a new variable, . Then and 
as because is a continuous function. So, by (3),

we have

Limits at Infinity

In computing infinite limits, we let approach a number and the result was that the
values of became arbitrarily large (positive or negative). Here we let become arbi-
trarily large (positive or negative) and see what happens to .

Let’s begin by investigating the behavior of the function defined by

as becomes large. The table at the left gives values of this function correct to six 
decimal places, and the graph of has been drawn by a computer in Figure 8.
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� The problem-solving strategy for
Example 2 is Introduce Something 
Extra (see page 88). Here, the some-
thing extra, the auxiliary aid, is the 
new variable .t

x

0 �1
0
0.600000
0.800000
0.882353
0.923077
0.980198
0.999200
0.999800
0.999998�1000

�100
�50
�10

�5
�4
�3
�2
�1

f �x�

Şekilden

lim
x→(π/2)−

tanx = +∞

olduğu görülür. Aslında, n bir tamsayı ol-
mak üzere x = (2n+1)π/2 doğruları y =
tanx fonksiyonunun tüm düşey asimp-
totlarıdır.

and so the line (the y-axis) is a vertical asymptote. In fact, the same is true for
provided that . (See Figures 11 and 12 in Section 1.6.)

Figure 7 shows that
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Limits at Infinity
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Yatay Asimptot

−∞ sembolü bir sayı belirtmez ve

lim
x→−∞

f(x) = L

ifadesi

“x eksi sonsuza yaklaşırken, f(x) in limiti L dir”

şeklinde okunur.

Tanım 5
Eğer, lim

x→∞
f(x) = L veya lim

x→−∞
f(x) = L ise y = L doğrusuna

y = f(x) eğrisinin yatay asimptotu denir.
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Örnek 6
Yatay asimptotu olan bir eğri örneği y = tan−1 x dir.

out bound, we can make as close to 1 as we like. This is expressed by writing

In general, as shown in Figure 10, the notation

means that the values of can be made arbitrarily close to by taking sufficiently
large negative.

Again, the symbol does not represent a number, but the expression
is often read as

“the limit of , as x approaches negative infinity, is L”

Definition The line is called a horizontal asymptote of the curve
if either 

For instance, the curve illustrated in Figure 8 has the line as a horizontal
asymptote because 

An example of a curve with two horizontal asymptotes is . (See Figure 11.)
In fact,

so both of the lines and are horizontal asymptotes. (This follows
from the fact that the lines are vertical asymptotes of the graph of tan.)

EXAMPLE 3 Find the infinite limits, limits at infinity, and asymptotes for the function
whose graph is shown in Figure 12.

SOLUTION We see that the values of become large as from both sides, so

Notice that becomes large negative as x approaches 2 from the left, but large
positive as x approaches 2 from the right. So

Thus, both of the lines and are vertical asymptotes.x � 2x � �1
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Gerçekten,

lim
x→−∞

tan−1 x = −π
2

lim
x→∞

tan−1 x =
π

2

olduğundan, y = −π/2 ve y = π/2 doğruları yatay asimptotlardır.
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Bükeylik

Bir f fonksiyonunun f ′ türevi bir I aralığı üzerinde artan bir fonksiyon ise
f fonksiyonu (ya da grafiği) I üzerinde dışbükey denir. Eğer f ′ türevi bir
I aralığı üzerinde azalan bir fonksiyon ise f fonksiyonu I üzerinde
içbükey denir.

Notice in Figure 5 that the slopes of the tangent lines increase from left to right on
the interval , so is increasing and is concave upward (abbreviated CU) on

. [It can be proved that this is equivalent to saying that the graph of lies above
all of its tangent lines on .] Similarly, the slopes of the tangent lines decrease
from left to right on , so is decreasing and is concave downward (CD) on

.

A point where a curve changes its direction of concavity is called an inflection
point. The curve in Figure 5 changes from concave upward to concave downward at

and from concave downward to concave upward at , so both and are inflec-
tion points.

Because , we know that if is positive, then is an increasing func-
tion and so is concave upward. Similarly, if is negative, then is decreasing
and is concave downward. Thus, we have the following test for concavity.

Concavity Test

(a) If for all in , then the graph of is concave upward on .

(b) If for all in , then the graph of is concave downward on .

In view of the Concavity Test, there is a point of inflection at any point where the
second derivative changes sign. A consequence of the Concavity Test is the following
test for maximum and minimum values.

The Second Derivative Test Suppose is continuous near .

(a) If and , then has a local minimum at .

(b) If and , then has a local maximum at .

For instance, part (a) is true because near c and so is concave upward
near . This means that the graph of lies above its horizontal tangent at c and so
has a local minimum at . (See Figure 6.)

EXAMPLE 4 Discuss the curve with respect to concavity, points of
inflection, and local maxima and minima. Use this information to sketch the curve.

SOLUTION If , then
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Bir eğrinin bükeyliğinin yönünün değiştiği noktaya büküm noktası denir.

Notice in Figure 5 that the slopes of the tangent lines increase from left to right on
the interval , so is increasing and is concave upward (abbreviated CU) on

. [It can be proved that this is equivalent to saying that the graph of lies above
all of its tangent lines on .] Similarly, the slopes of the tangent lines decrease
from left to right on , so is decreasing and is concave downward (CD) on

.

A point where a curve changes its direction of concavity is called an inflection
point. The curve in Figure 5 changes from concave upward to concave downward at

and from concave downward to concave upward at , so both and are inflec-
tion points.

Because , we know that if is positive, then is an increasing func-
tion and so is concave upward. Similarly, if is negative, then is decreasing
and is concave downward. Thus, we have the following test for concavity.

Concavity Test

(a) If for all in , then the graph of is concave upward on .

(b) If for all in , then the graph of is concave downward on .

In view of the Concavity Test, there is a point of inflection at any point where the
second derivative changes sign. A consequence of the Concavity Test is the following
test for maximum and minimum values.

The Second Derivative Test Suppose is continuous near .

(a) If and , then has a local minimum at .

(b) If and , then has a local maximum at .

For instance, part (a) is true because near c and so is concave upward
near . This means that the graph of lies above its horizontal tangent at c and so
has a local minimum at . (See Figure 6.)

EXAMPLE 4 Discuss the curve with respect to concavity, points of
inflection, and local maxima and minima. Use this information to sketch the curve.
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dışbükey içbükey dışbükey

Şekildeki eğri P ’de dışbükeylikten içbükeyliğe ve Q’da içbükeylikten
dışbükeyliğe değişir. Dolayısıyla P ve Q noktaları eğrinin büküm
noktalarıdır.
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Bükeylik Testi

(a) I aralığındaki her x için f ′′(x) > 0 ise I üzerinde f ’nin grafiği
dışbükeydir.

(b) I aralığındaki her x için f ′′(x) < 0 ise I üzerinde f ’nin grafiği
içbükeydir.

Bükeylik testinden dolayı ikinci türevin işaretinin değiştiği herhangi bir
noktada bir büküm noktası vardır. Bükeylik testinin bir sonucu
maksimum ve minimum değerleri veren aşağıdaki testtir.

İkinci Türev Testi
f ′′’nün c’nin yakınında sürekli olduğunu varsayalım.

(a) f ′(c) = 0 ve f ′′(c) > 0 ise f ’nin c’de bir yerel minimumu vardır.

(b) f ′(c) = 0 ve f ′′(c) < 0 ise f ’nin c’de bir yerel maksimumu vardır.
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Not
f ′′(c) = 0 olduğunda İkinci Türev Testi sonuç vermez.

Diğer bir deyişle, bu noktada bir maksimum veya bir minimum olabilir ya
da her ikisi de olmayabilir.

Bu test, f ′′(c) tanımlı olmadığında da geçerli değildir. Böyle durumlarda
Birinci Türev Testi kullanılmalıdır.

Her iki testin kullanılabildiği durumlarda Birinci Türev Testini kullanmak
çoğu kez daha kolaydır.
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Örnek 7
y = x4 − 4x3 eğrisinin bükeyliğini, büküm noktalarını, yerel maksimum ve
yerel minimum değerlerini tartışınız. Bu bilgileri kullanarak eğrinin
grafiğini çiziniz.

Çözüm.

f(x) = x4 − 4x3 ise

f ′(x) = 4x3 − 12x2 = 4x2(x− 3)

f ′′(x) = 12x2 − 24x = 12x(x− 2)

olur. Kritik noktaları bulmak için f ’nin türevini sıfıra eşitlersek

f ′(x) = 4x3 − 12x2 = 4x2(x− 3) = 0

x = 0 ve x = 3 buluruz.
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Çözüm (devamı).

İkinci türev testini kullanmak için kritik sayılarda

f ′′(0) = 0 f ′′(3) = 36 > 0

f ′′(3) = 0 ve f ′′(3) > 0 olduğundan ikinci türev testi 0 kritik noktası
hakkında bilgi vermez, f(3) = −27 yerel minimum değeridir.
Fakat, x < 0 ve 0 < x < 3 için f ′(x) negatif olduğundan birinci türev
testi bize f ’nin 0’da bir yerel maksimumu ya da yerel minimumu
olmadığını söyler.
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Çözüm (devamı).

İkinci türevin köklerini

f ′′(x) = 12x(x− 2) = 0 ⇒ x = 0 ve x = 2

olarak buluruz.

x

x − 2

x

f ′′(x)

0 2

− − 0 +

− 0 + +

+ − +

(0, 0) noktasında bükeylik dışbükeylikten içbükeyliğe değiştiği için büküm
noktasıdır.
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Çözüm (devamı).

To find the critical numbers we set and obtain and . To use
the Second Derivative Test we evaluate at these critical numbers:

Since and , is a local minimum. Since ,
the Second Derivative Test gives no information about the critical number 0. But
since for and also for , the First Derivative Test tells us
that does not have a local maximum or minimum at 0. [In fact, the expression for

shows that f decreases to the left of 3 and increases to the right of 3.]
Since when or , we divide the real line into intervals with these

numbers as endpoints and complete the following chart.

The point is an inflection point since the curve changes from concave
upward to concave downward there. Also is an inflection point since the
curve changes from concave downward to concave upward there.

Using the local minimum, the intervals of concavity, and the inflection points, we
sketch the curve in Figure 7.

NOTE � The Second Derivative Test is inconclusive when . In other words,
at such a point there might be a maximum, there might be a minimum, or there might
be neither (as in Example 4). This test also fails when does not exist. In such
cases the First Derivative Test must be used. In fact, even when both tests apply, the
First Derivative Test is often the easier one to use.

EXAMPLE 5 Sketch the graph of the function .

SOLUTION Calculation of the first two derivatives gives 

Since when and does not exist when or , the
critical numbers are , and .

To find the local extreme values we use the First Derivative Test. Since 
changes from negative to positive at 0, is a local minimum. Since 
changes from positive to negative at 4, is a local maximum. The sign of

does not change at 6, so there is no minimum or maximum there. (The Second
Derivative Test could be used at 4 but not at 0 or 6 since does not exist there.)f �
f 
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Interval Concavity

(�	, 0) � upward
(0, 2) � downward
(2, 	) � upward

f ��x� � 12x�x � 2�

FIGURE 7

x

y

2 3

(2, _16)

(3, _27)

y=x$-4˛

inflection
points

(0, 0)

Interval f

� � � � decreasing on (�	, 0)
� � � � increasing on (0, 4)
� � � � decreasing on (4, 6)
� � � � decreasing on (6, 	) x � 6

 4 � x � 6
 0 � x � 4

 x � 0

f 
�x��6 � x�2�3x 1�34 � x

� Use the differentiation rules to check
these calculations.
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Örnek 8
f(x) = x2/3(6− x)1/3 fonksiyonunun grafiğini çiziniz.

Çözüm.

Fonksiyonun birinci ve ikinci türevleri

f ′(x) =
4− x

x1/3(6− x)2/3
f ′′(x) =

−8

x4/3(6− x)5/3

şeklindedir. x = 4 için f ′(x) = 0 olup x = 0 veya x = 6 için f ′(x)
tanımlı olmadığından 0, 4, 6 noktaları kritik noktalardır.
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Çözüm (devamı).

Yerel uç değerlerini bulmak için birinci türev testini kullanırız.

x

4 − x

x1/3

(6 − x)2/3

f ′(x)

0 4 6

+ + 0 − −

− + + +

+ + + +

− + − −
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Çözüm (devamı).

f ′ türevi 0’da negatiften pozitife değiştiğinden f(0) = 0 yerel bir
minimumdur.
f ′ türevi 4’te pozitiften negatife değiştiğinden f(4) = 25/3 bir yerel
maksimumdur.
f ′ nün işareti x = 6’da değişmediğinden bu noktada maksimum ya da
minimum yoktur.

f ′′(x) =
−8

x4/3(6− x)5/3

İkinci türev testi, 4’te kullanılabilir fakat 0 ve 6’da f ′′ tanımlı
olmadığından kullanılamaz.
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Çözüm (devamı).

f ′′(x)’in ifadesine bakılırsa

x

x4/3

(6 − x)5/3

−8

x4/3(6− x)5/3

0 6

+ + +

− + −

− − +

(−∞, 0)
içbükey

(0, 6)
içbükey

(6,∞)
dışbükey

(6, 0) noktasının tek büküm noktası olduğu görülür.
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Çözüm (devamı).

Looking at the expression for and noting that for all , we have
for and for and for . So is concave

downward on and and concave upward on , and the only inflec-
tion point is . The graph is sketched in Figure 8. Note that the curve has verti-
cal tangents at and because as and as .

EXAMPLE 6 Use the first and second derivatives of , together with asymp-
totes, to sketch its graph.

SOLUTION Notice that the domain of is , so we check for vertical asymp-
totes by computing the left and right limits as . As , we know that

, so

and this shows that is a vertical asymptote. As , we have 
, so

As , we have and so

This shows that is a horizontal asymptote.
Now let’s compute the derivative. The Chain Rule gives

Since and for all , we have for all . Thus, is
decreasing on and on . There is no critical number, so the function has
no local maximum or minimum. The second derivative is

Since and , we have when and 
when . So the curve is concave downward on and concave upward 
on and on . The inflection point is .(�1
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1
2
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FIGURE 8
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In Module 4.3 you can practice
using information about , ,

and asymptotes to determine the shape of
the graph of .f

f �f 


� Try reproducing the graph in Figure 8
with a graphing calculator or computer.
Some machines produce the complete
graph, some produce only the portion to
the right of the -axis, and some produce
only the portion between and

. For an explanation and cure, see
Example 7 in Section 1.4. An equivalent
expression that gives the correct graph is

y � �x 2 �1�3 �
6 � x

	 6 � x 	 	 6 � x 	1�3

x � 6
x � 0

y

Eğrinin (0, 0) ve (6, 0)’da düşey teğetleri vardır. Çünkü x→ 0 ve x→ 6
iken |f ′(x)| → ∞ olur.
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Örnek 9
f(x) = e1/x fonksiyonunun asimptotlarla birlikte birinci ve ikinci
türevlerini kullanarak grafiğini çiziniz.

Çözüm.

f ’nin tanım kümesi {x | x 6= 0} kümesidir. Dolayısıyla, x→ 0 iken f ’nin
sağdan ve soldan limitlerini hesaplayarak düşey asimptotlarını kontrol
edebiliriz.
x→ 0+ iken t = 1

x →∞ olduğunu biliyoruz. Buradan,

lim
x→0+

e1/x =∞

olur. x→ 0− iken 1/x→ −∞ olduğunu biliyoruz. Buradan,

lim
x→0−

e1/x = 0

olur.
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Çözüm (devamı).

To sketch the graph of we first draw the horizontal asymptote (as a
dashed line), together with the parts of the curve near the asymptotes in a prelimi-
nary sketch [Figure 9(a)]. These parts reflect the information concerning limits and
the fact that is decreasing on both and . Notice that we have indi-
cated that as even though does not exist. In Figure 9(b) we
finish the sketch by incorporating the information concerning concavity and the
inflection point. In Figure 9(c) we check our work with a graphing device.

EXAMPLE 7 A population of honeybees raised in an apiary started with 50 bees at
time and was modeled by the function

where is the time in weeks, . Use a graph to estimate the time at which
the bee population was growing fastest. Then use derivatives to give a more accurate
estimate.

SOLUTION The population grows fastest when the population curve has the
steepest tangent line. From the graph of in Figure 10, we estimate that the steepest
tangent occurs when , so the bee population was growing most rapidly after
about 12 weeks.

For a better estimate we calculate the derivative , which is the rate of
increase of the bee population:

We graph in Figure 11 and observe that has its maximum value when .
To get a still better estimate we note that has its maximum value when 

changes from increasing to decreasing. This happens when changes from concave
upward to concave downward, so we ask a CAS to compute the second derivative:

We could plot this function to see where it changes from positive to negative, but
instead let’s have the CAS solve the equation . It gives the answer

.t � 12.3318
P��t� � 0

P ��t� �
119555093144e�1.1864t

�1 � 1503e�0.5932t�3 �
39772153e�0.5932t

�1 � 1503e�0.5932t�2

f
f 
f 


t � 12.3P
P


P
�t� � �
67,046,785.92e�0.5932t

�1 � 1503e�0.5932t�2

P
�t�

t � 12
P

y � P�t�

0 � t � 25t

P�t� �
75,200

1 � 1503e�0.5932t

t � 0

(a) Preliminary sketch (b) Finished sketch
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Çözüm (devamı).

x→ ±∞ iken 1
x → 0 ve

lim
x→∓∞

e1/x = e0 = 1

olur. Yani, y = 1 yatay asimptottur.
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Çözüm (devamı).

To sketch the graph of we first draw the horizontal asymptote (as a
dashed line), together with the parts of the curve near the asymptotes in a prelimi-
nary sketch [Figure 9(a)]. These parts reflect the information concerning limits and
the fact that is decreasing on both and . Notice that we have indi-
cated that as even though does not exist. In Figure 9(b) we
finish the sketch by incorporating the information concerning concavity and the
inflection point. In Figure 9(c) we check our work with a graphing device.

EXAMPLE 7 A population of honeybees raised in an apiary started with 50 bees at
time and was modeled by the function

where is the time in weeks, . Use a graph to estimate the time at which
the bee population was growing fastest. Then use derivatives to give a more accurate
estimate.

SOLUTION The population grows fastest when the population curve has the
steepest tangent line. From the graph of in Figure 10, we estimate that the steepest
tangent occurs when , so the bee population was growing most rapidly after
about 12 weeks.

For a better estimate we calculate the derivative , which is the rate of
increase of the bee population:

We graph in Figure 11 and observe that has its maximum value when .
To get a still better estimate we note that has its maximum value when 

changes from increasing to decreasing. This happens when changes from concave
upward to concave downward, so we ask a CAS to compute the second derivative:

We could plot this function to see where it changes from positive to negative, but
instead let’s have the CAS solve the equation . It gives the answer
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Çözüm (devamı).

Şimdi f ’nin birinci ve ikinci türevlerini hesaplayalım. Zincir kuralı ile

f ′(x) = −e
1/x

x2

hesaplanır.
Her x 6= 0 için x2 > 0 ve e1/x > 0 olduğundan her x 6= 0 için
f ′(x) < 0’dır.
Dolayısıyla, f fonksiyonu (−∞, 0) ve (0,∞) aralıklarında azalandır.
Kritik nokta olmadığından f ’nin yerel maksimumu ve yerel minimumu
yoktur.
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Çözüm (devamı).

İkinci türev

f ′′(x) = −x
2e1/x(−1/x2)− e1/x(2x)

x4
=
e1/x(2x+ 1)

x4

olarak hesaplanır. e1/x > 0 ve x4 > 0 olduğundan

x > −1

2
(x 6= 0) iken f ′′(x) > 0

ve

x < −1

2
iken f ′′(x) < 0

olur.
Böylece, eğri (−∞,−1/2) aralığında içbükey (−1/2, 0) ve (0,∞)
aralıklarında dışbükeydir. (−1/2, e−2) büküm noktasıdır.
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Çözüm (devamı).
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