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Bağımlı Hız

Eğer bir balonun içine hava pompalarsak, balonun hem yarıçapı hem de
hacmi artar ve artış hızları birbirine bağımlıdır. Fakat, hacminin artış
hızını doğrudan ölçmek yarıçapın artışını ölçmekten daha kolaydır.

Bağımlı hız problemlerindeki fikir, bir niceliğin değişim hızını, (ölçümü
daha kolay olabilen) diğer bir niceliğin değişim hızı cinsinden
hesaplamaktır.

Bunun için yöntem; iki niceliğe bağlı bir denklem bulmak ve sonra zincir
kuralını kullanarak her iki tarafın zamana göre türevini almaktır.



Bağımlı Hız

Örnek 1
Küresel bir balon içine hava pompalandığında balonun hacmi 100 cm3/sn
hızla artıyor. Balonun çapı 50 cm olduğunda yarıçapındaki artış hızı ne
kadardır?

Çözüm.

İki şeyi tanımlamakla başlıyoruz.
Bu nicelikleri matematiksel olarak ifade etmek için bazı fikir verici
gösterimleri tanımlayacağız.
Balonun hacmi V ve yarıçapı r olsun.

Verilen Hacimin artış hızı 100 cm3/sn dir.

Bilinmeyen Çap 50cm olduğundaki yarıçapın artış hızı.

Anımsanması gereken ana düşünce değişim hızlarının türevler olduğudur.
Bu problemde, hacim ve yarıçap t zamanında bağlı fonksiyonlardır.
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Çözüm (devamı).

Hacmin zamana göre artış hızı dV/dt türevi ve yarıçapın artış hızı dr/dt
türevidir.
Verileni ve bilinmeyeni yeniden aşağıdaki gibi ifade edebiliriz.

Verilen dV
dt = 100 cm3/s

Bilinmeyen r = 25 iken dr
dt

dV/dt ve dr/dt arasında bağlantı kurmak için önce V ve r arasında
kürenin hacim formülü ile bağlantı kurmak için

V =
4

3
πr3

yazalım.
Verilen bilgileri kullanmak için bu denklemin her iki tarafının t’ye göre
türevini alacağız.



Bağımlı Hız

Çözüm (devamı).

Sağ tarafın türevini almak için zincir kuralını kullanırsak

dV

dt
=
dV

dr

dr

dt
= 4πr2

dr

dt

elde ederiz. Şimdi, bu denklemden bilinmeyeni çözersek

dr

dt
=

1

4πr2
dV

dt

buluruz. Eğer, bu denklemde r = 25 ve dV/dt = 100 koyarsak

dr

dt
=

1

4π(25)2
100 =

1

25π

elde ederiz. Burada balonun yarıçapının (1/25π) cm/sn hızla arttığını
görürüz.
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Örnek 2
10m uzunluğundaki bir merdiven dik bir duvara dayanıyor. Merdivenin
altı 1m/sn hızla kayarak duvardan uzaklaşırsa merdivenin alt kısmının
duvardan uzaklığı 6m olduğu anda üstünün duvardan aşağıya kayma hızı
nedir?

Çözüm.

İlk olarak, Şekildeki gibi bir şema
çizelim. Merdivenin altından duvara
olan uzaklık xm ve merdivenin tepesin-
den yere uzaklık ym olsun. Burada
x ve y değerleri zamanı gösteren t’nin
fonksiyonlarıdır.

In order to connect and we first relate and by the formula for the
volume of a sphere:

In order to use the given information, we differentiate each side of this equation
with respect to . To differentiate the right side we need to use the Chain Rule:

Now we solve for the unknown quantity:

If we put and in this equation, we obtain

The radius of the balloon is increasing at the rate of cm�s.

EXAMPLE 2 A ladder 10 ft long rests against a vertical wall. If the bottom of the
ladder slides away from the wall at a rate of 1 ft�s, how fast is the top of the ladder
sliding down the wall when the bottom of the ladder is 6 ft from the wall? 

SOLUTION We first draw a diagram and label it as in Figure 1. Let feet be the dis-
tance from the bottom of the ladder to the wall and feet the distance from the top
of the ladder to the ground. Note that and are both functions of (time).

We are given that ft�s and we are asked to find when ft.
(See Figure 2.) In this problem, the relationship between and is given by the
Pythagorean Theorem:

Differentiating each side with respect to using the Chain Rule, we have

and solving this equation for the desired rate, we obtain

When , the Pythagorean Theorem gives and so, substituting these values
and , we have

The fact that is negative means that the distance from the top of the ladder
to the ground is decreasing at a rate of . In other words, the top of the ladder is
sliding down the wall at a rate of .3

4 ft�s

3
4 ft�s

dy�dt

dy

dt
� �

6
8 �1� � �

3
4 ft�s

dx�dt � 1
y � 8x � 6

dy

dt
� �

x

y
 
dx

dt

2x 
dx

dt
� 2y 

dy

dt
� 0

t

x 2 � y 2 � 100

yx
x � 6dy�dtdx�dt � 1

tyx
y

x

1��25��

dr

dt
�

1

4��25�2 100 �
1

25�

dV�dt � 100r � 25

dr

dt
�

1

4�r 2  
dV

dt

dV

dt
�

dV

dr
 
dr

dt
� 4�r 2 

dr

dt

t

V � 4
3 �r 3

rVdr�dtdV�dt

266 � CHAPTER 4 APPLICATIONS OF DIFFERENTIATION

ground

wall

10
y

x

FIGURE 1

y

x

dy

d t
=?

dx

d t
=1

FIGURE 2

Resources / Module 5
/ Related Rates 

/ Start of the Sliding Fireman

How high will a fireman get while climbing a
sliding ladder?

� The second stage of problem solving
is to think of a plan for connecting the
given and the unknown.
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Çözüm (devamı).

Bize dx/dt = 1m/sn olduğu veriliyor ve x = 6m olduğunda dy/dt
değerini bulmamız isteniyor.

In order to connect and we first relate and by the formula for the
volume of a sphere:

In order to use the given information, we differentiate each side of this equation
with respect to . To differentiate the right side we need to use the Chain Rule:

Now we solve for the unknown quantity:

If we put and in this equation, we obtain

The radius of the balloon is increasing at the rate of cm�s.

EXAMPLE 2 A ladder 10 ft long rests against a vertical wall. If the bottom of the
ladder slides away from the wall at a rate of 1 ft�s, how fast is the top of the ladder
sliding down the wall when the bottom of the ladder is 6 ft from the wall? 

SOLUTION We first draw a diagram and label it as in Figure 1. Let feet be the dis-
tance from the bottom of the ladder to the wall and feet the distance from the top
of the ladder to the ground. Note that and are both functions of (time).

We are given that ft�s and we are asked to find when ft.
(See Figure 2.) In this problem, the relationship between and is given by the
Pythagorean Theorem:

Differentiating each side with respect to using the Chain Rule, we have

and solving this equation for the desired rate, we obtain

When , the Pythagorean Theorem gives and so, substituting these values
and , we have

The fact that is negative means that the distance from the top of the ladder
to the ground is decreasing at a rate of . In other words, the top of the ladder is
sliding down the wall at a rate of .3
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/ Start of the Sliding Fireman

How high will a fireman get while climbing a
sliding ladder?

� The second stage of problem solving
is to think of a plan for connecting the
given and the unknown.

Bu problemde, x ve y arasındaki ilişki Pisagor teoremi ile

x2 + y2 = 100

olarak elde edilir.
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Çözüm (devamı).

Zincir kuralını kullanarak her iki tarafın t’ye göre türevini alırsak

2x
dx

dt
+ 2y

dy

dt
= 0

olur ve bu denklemden isteneni çözersek
dy

dt
= −x

y

dx

dt
buluruz. x = 6

olduğunda Pisagor teoreminden y = 8 olur. Bu değerleri ve dx/dt = 1’i
yukarıdaki denklemde yerine koyarsak

dy

dt
= −6

8
(1) = −3

4
ft/sn

elde ederiz. dy/dt’nin negatif olmasının anlamı merdivenin üstünden yere
olan uzaklığın 3/4m/sn oranında azalmasıdır. Diğer bir deyişle,
merdivenin üstü duvardan 3/4m/sn hızla aşağıya doğru kaymaktadır.
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Örnek 3
Bir su tankı, taban yarıçapı 2m ve yüksekliği 4m olan ters çevrilmiş bir
koni şeklindedir. Eğer tank içine 2m3/dk hızla su pompalanırsa derinlik
3m olduğu zaman su seviyesinin artış hızını bulunuz.

Çözüm.

İlk olarak, Şekildeki gibi bir çembersel
koni çizip isimlendirme yapalım.
V, r, h sırasıyla t anındaki hacmi,
yüzeyin yarıçapı ve yüksekliği olsun.
Burada, t dakika ile ölçülmüştür.

EXAMPLE 3 A water tank has the shape of an inverted circular cone with base radius
2 m and height 4 m. If water is being pumped into the tank at a rate of 2 m �min,
find the rate at which the water level is rising when the water is 3 m deep.

SOLUTION We first sketch the cone and label it as in Figure 3. Let , , and be the
volume of the water, the radius of the surface, and the height at time , where is
measured in minutes.

We are given that m �min and we are asked to find when is 
3 m. The quantities and are related by the equation

but it is very useful to express as a function of alone. In order to eliminate we
use the similar triangles in Figure 3 to write

and the expression for becomes

Now we can differentiate each side with respect to :

so

Substituting m and m �min, we have

Strategy It is useful to recall some of the problem-solving principles from page 88
and adapt them to related rates in light of our experience in Examples 1–3:

1. Read the problem carefully.

2. Draw a diagram if possible.

3. Introduce notation. Assign symbols to all quantities that are functions of time.

4. Express the given information and the required rate in terms of derivatives.

5. Write an equation that relates the various quantities of the problem. If necessary,
use the geometry of the situation to eliminate one of the variables by substitution
(as in Example 3).

6. Use the Chain Rule to differentiate both sides of the equation with respect to .

7. Substitute the given information into the resulting equation and solve for the
unknown rate.

The following examples are further illustrations of the strategy.
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| Warning: A common error is to
substitute the given numerical information
(for quantities that vary with time) too
early. This should be done only after the
differentiation. (Step 7 follows Step 6.)
For instance, in Example 3 we dealt with
general values of until we finally substi-
tuted at the last stage. (If we had
put earlier, we would have gotten

, which is clearly wrong.)dV�dt � 0
h � 3

h � 3
h
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Çözüm (devamı).

Bize dV/dt = 2m3/dk olduğu veriliyor ve h = 3m olduğunda dh/dt
değerini bulmamız isteniyor. V ve h arasındaki ilişki

V =
1

3
πr2h

denklemi ile verilir. Fakat V ’yi sadece h’nin fonksiyonu olarak ifade
etmek çok yararlıdır.

r’yi yok etmek için Şekildeki benzer
üçgenleri kullanırız. Buradan

r

h
=

2

4
ve r =

h

2

elde ederiz.

EXAMPLE 3 A water tank has the shape of an inverted circular cone with base radius
2 m and height 4 m. If water is being pumped into the tank at a rate of 2 m �min,
find the rate at which the water level is rising when the water is 3 m deep.

SOLUTION We first sketch the cone and label it as in Figure 3. Let , , and be the
volume of the water, the radius of the surface, and the height at time , where is
measured in minutes.

We are given that m �min and we are asked to find when is 
3 m. The quantities and are related by the equation

but it is very useful to express as a function of alone. In order to eliminate we
use the similar triangles in Figure 3 to write

and the expression for becomes

Now we can differentiate each side with respect to :

so

Substituting m and m �min, we have

Strategy It is useful to recall some of the problem-solving principles from page 88
and adapt them to related rates in light of our experience in Examples 1–3:

1. Read the problem carefully.

2. Draw a diagram if possible.

3. Introduce notation. Assign symbols to all quantities that are functions of time.

4. Express the given information and the required rate in terms of derivatives.

5. Write an equation that relates the various quantities of the problem. If necessary,
use the geometry of the situation to eliminate one of the variables by substitution
(as in Example 3).

6. Use the Chain Rule to differentiate both sides of the equation with respect to .

7. Substitute the given information into the resulting equation and solve for the
unknown rate.

The following examples are further illustrations of the strategy.
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Çözüm (devamı).

Bunu V ’de yerine yerleştirirsek

V =
1

3
π

(
h

2

)2

h =
π

12
h3

olur. Şimdi her iki tarafın t’ye göre türevini alırsak

dV

dt
=
π

4
h2
dh

dt

olur ve böylece
dh

dt
=

4

πh2
dV

dt
.

buluruz. h = 3m ve dV/dt = 2m3/dk’yı yerine koyarsak

dh

dt
=

4

π(3)2
· 2 =

8

9π
≈ 0.28m3/dk elde ederiz.
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Maksimum ve Minimum Değerler

Diferansiyel hesabın en önemli uygulamalarından biri, bir işi yapmanın en
iyi yolunu bulmak olan optimizasyon problemleridir.

• Maliyeti minimum yapmak için bir teneke kutunun şekli nasıl
olmalıdır?

• Bir uzay mekiğinin maksimum ivmesi ne olmalıdır? Bu ivmenin
etkilerine katlanmak zorunda olan astronotlar için önemli bir sorudur.

Bu problemler bir fonksiyonun maksimum ya da minimum değerlerini
bulmaya indirgenebilir. Şimdi ilk olarak maksimum ve minimum değerle
tam olarak ne demek istediğimizi açıklayalım.
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Tanım 4
f bir fonksiyon ve D, f ’nin tanım kümesi olsun. D içindeki her x
elemanı için f(c) ≥ f(x) ise f fonksiyonunun c noktasında mutlak
maksimumu vardır.
f(c) sayısına f ’nin D’deki maksimum değeri denir.
Benzer olarak, D içindeki her x için f(c) ≤ f(x) ise f fonksiyonunun c
noktasında mutlak minimumu vardır ve f(c) sayısına f ’nin D’deki
minimum değeri denir.
f ’nin maksimum ve minimum değerlerine f ’nin uç değerleri denir.



Maksimum ve Minimum Değerler

Şekil d noktasında mutlak maksimuma ve a noktasında mutlak
minimuma sahip olan bir f fonksiyonunun grafiğini göstermektedir. Bu
grafik üzerindeki en üstteki noktanın (d, f(d)) noktası ve en alttaki
noktanın (a, f(a)) noktası olduğuna dikkat ediniz.

A runner sprints around a circular track of radius 100 m at a
constant speed of 7 m�s. The runner’s friend is standing at a
distance 200 m from the center of the track. How fast is the
distance between the friends changing when the distance
between them is 200 m?

34. The minute hand on a watch is 8 mm long and the hour
hand is 4 mm long. How fast is the distance between the
tips of the hands changing at one o’clock?

33.31. A plane flying with a constant speed of 300 km�h passes
over a ground radar station at an altitude of 1 km and
climbs at an angle of 30 . At what rate is the distance from
the plane to the radar station increasing a minute later?

32. Two people start from the same point. One walks east 
at 3 mi�h and the other walks northeast at 2 mi�h. How
fast is the distance between the people changing after 
15 minutes?

�

Maximum and Minimum Values � � � � � � � � � � �

Some of the most important applications of differential calculus are optimization
problems, in which we are required to find the optimal (best) way of doing something.
Here are examples of such problems that we will solve in this chapter:

� What is the shape of a can that minimizes manufacturing costs?
� What is the maximum acceleration of a space shuttle? (This is an important

question to the astronauts who have to withstand the effects of acceleration.)
� What is the radius of a contracted windpipe that expels air most rapidly during

a cough?
� At what angle should blood vessels branch so as to minimize the energy

expended by the heart in pumping blood?

These problems can be reduced to finding the maximum or minimum values of a func-
tion. Let’s first explain exactly what we mean by maximum and minimum values.

Definition A function has an absolute maximum (or global maximum)
at if for all in , where is the domain of . The number 
is called the maximum value of on . Similarly, has an absolute mini-
mum at if for all in and the number is called the min-
imum value of on . The maximum and minimum values of are called
the extreme values of .

Figure 1 shows the graph of a function with absolute maximum at and absolute 
minimum at . Note that is the highest point on the graph and is the
lowest point.
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Tanım 5
x noktası c’ye yakın olduğuda f(c) ≥ f(x) ise f fonksiyonunun c
noktasında bir yerel maksimumu (ya da göreli maksimumu) vardır.
(Bunun anlamı c’yi içeren bir açık aralık içindeki her x için f(c) ≥ f(x)
olmasıdır)
Benzer olarak, x noktası c’ye yakın olduğunda f(c) ≤ f(x) ise f ’nin c
noktasında bir yerel minimumu vardır.
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Örnek 6
Her x için

−1 ≤ cosx ≤ 1

ve herhangi bir n tamsayısı için

cos(2nπ) = 1

olduğundan f(x) = cosx fonksiyonu (yerel ve mutlak) maksimum değeri
olan 1’i sonsuz kez alır.
Benzer olarak, herhangi bir n tamsayısı için

cos(2n+ 1)π = −1

fonksiyonunun minimum değeridir.
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Örnek 7
f(x) = x2 ise her x için x2 ≥ 0 olduğundan f(x) ≥ f(0)’dır. Dolayısıyla,
f(0) = 0 değeri f ’nin mutlak (ve yerel) minimum değeridir. Bu y = x2

parabolü üzerindeki en alttaki noktanın başlangıç noktası olduğu
gerçeğine karşılık gelir

In Figure 1, if we consider only values of near [for instance, if we restrict our
attention to the interval ], then is the largest of those values of and is
called a local maximum value of . Likewise, is called a local minimum value of

because for near [in the interval , for instance]. The function
also has a local minimum at . In general, we have the following definition.

Definition A function has a local maximum (or relative maximum) at 
if when x is near c. [This means that for all in

some open interval containing c.] Similarly, has a local minimum at if
when is near c.

EXAMPLE 1 The function takes on its (local and absolute) maximum
value of 1 infinitely many times, since for any integer and

for all . Likewise, is its minimum value,
where is any integer. 

EXAMPLE 2 If , then because for all . Therefore,
is the absolute (and local) minimum value of . This corresponds to the

fact that the origin is the lowest point on the parabola . (See Figure 2.) How-
ever, there is no highest point on the parabola and so this function has no maximum
value. 

EXAMPLE 3 From the graph of the function , shown in Figure 3, we see that
this function has neither an absolute maximum value nor an absolute minimum
value. In fact, it has no local extreme values either. 

EXAMPLE 4 The graph of the function

is shown in Figure 4. You can see that is a local maximum, whereas the
absolute maximum is . [This absolute maximum is not a local maxi-
mum because it occurs at an endpoint.] Also, is a local minimum and

is both a local and an absolute minimum. Note that has neither a
local nor an absolute maximum at .

FIGURE 4
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Minimum value 0, no maximum
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No minimum, no maximum

Bununla beraber, parabol üzerinde en üst nokta yoktur ve bu yüzden bu
fonksiyonun maksimum değeri de yoktur.
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Örnek 8
Şekilde gösterilen f(x) = x3 fonksiyonunun grafiğinden, fonksiyonun hem
mutlak maksimum hem de mutlak minimum değerlerinin olmadığını
görüyoruz.

In Figure 1, if we consider only values of near [for instance, if we restrict our
attention to the interval ], then is the largest of those values of and is
called a local maximum value of . Likewise, is called a local minimum value of

because for near [in the interval , for instance]. The function
also has a local minimum at . In general, we have the following definition.

Definition A function has a local maximum (or relative maximum) at 
if when x is near c. [This means that for all in

some open interval containing c.] Similarly, has a local minimum at if
when is near c.

EXAMPLE 1 The function takes on its (local and absolute) maximum
value of 1 infinitely many times, since for any integer and

for all . Likewise, is its minimum value,
where is any integer. 

EXAMPLE 2 If , then because for all . Therefore,
is the absolute (and local) minimum value of . This corresponds to the

fact that the origin is the lowest point on the parabola . (See Figure 2.) How-
ever, there is no highest point on the parabola and so this function has no maximum
value. 

EXAMPLE 3 From the graph of the function , shown in Figure 3, we see that
this function has neither an absolute maximum value nor an absolute minimum
value. In fact, it has no local extreme values either. 

EXAMPLE 4 The graph of the function

is shown in Figure 4. You can see that is a local maximum, whereas the
absolute maximum is . [This absolute maximum is not a local maxi-
mum because it occurs at an endpoint.] Also, is a local minimum and

is both a local and an absolute minimum. Note that has neither a
local nor an absolute maximum at .
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Örnek 9
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ever, there is no highest point on the parabola and so this function has no maximum
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EXAMPLE 3 From the graph of the function , shown in Figure 3, we see that
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value. In fact, it has no local extreme values either. 
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is shown in Figure 4. You can see that is a local maximum, whereas the
absolute maximum is . [This absolute maximum is not a local maxi-
mum because it occurs at an endpoint.] Also, is a local minimum and
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Buradan f(1) = 5 in yerel maksimum ve f(−1) = 37 nin mutlak
maksimumum olduğunu görürüz. [Bu mutlak maksimum bir yerel
maksimum değildir. Çünkü uç noktada oluşmuştur]
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In Figure 1, if we consider only values of near [for instance, if we restrict our
attention to the interval ], then is the largest of those values of and is
called a local maximum value of . Likewise, is called a local minimum value of

because for near [in the interval , for instance]. The function
also has a local minimum at . In general, we have the following definition.
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if when x is near c. [This means that for all in
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when is near c.
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mum because it occurs at an endpoint.] Also, is a local minimum and
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Ayrıca f(0) = 0 yerel minimum ve f(3) = −27 hem yerel hem de mutlak
minimumdur. Burada f nin x = 4 de ne yerel ne de mutlak
maksimumunun olmadığına dikkat ediniz.
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Teorem 10 (Uç Değer Teoremi)

f fonksiyonu bir [a, b] kapalı aralığında sürekli ise c ve d sayıları [a, b]
kapalı aralığında olmak üzere f(c) mutlak maksimumum değerini ve f(d)
mutlak minimum değerini alır.

We have seen that some functions have extreme values, whereas others do not. The 
following theorem gives conditions under which a function is guaranteed to possess
extreme values.

The Extreme Value Theorem If is continuous on a closed interval , then
attains an absolute maximum value and an absolute minimum value

at some numbers and in .

The Extreme Value Theorem is illustrated in Figure 5. Note that an extreme value
can be taken on more than once. Although the Extreme Value Theorem is intuitively
very plausible, it is difficult to prove and so we omit the proof.

Figures 6 and 7 show that a function need not possess extreme values if either
hypothesis (continuity or closed interval) is omitted from the Extreme Value Theorem.

The function whose graph is shown in Figure 6 is defined on the closed interval
[0, 2] but has no maximum value. [Notice that the range of is [0, 3). The function
takes on values arbitrarily close to 3, but it never actually attains the value 3.] This 
does not contradict the Extreme Value Theorem because is not continuous. [None-
theless, a discontinuous function could have maximum and minimum values. See
Exercise 13(b).]

The function t shown in Figure 7 is continuous on the open interval (0, 2) but has
neither a maximum nor a minimum value. [The range of t is . The function takes
on arbitrarily large values.] This does not contradict the Extreme Value Theorem
because the interval (0, 2) is not closed.

The Extreme Value Theorem says that a continuous function on a closed interval
has a maximum value and a minimum value, but it does not tell us how to find these
extreme values. We start by looking for local extreme values.
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We have seen that some functions have extreme values, whereas others do not. The 
following theorem gives conditions under which a function is guaranteed to possess
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can be taken on more than once. Although the Extreme Value Theorem is intuitively
very plausible, it is difficult to prove and so we omit the proof.

Figures 6 and 7 show that a function need not possess extreme values if either
hypothesis (continuity or closed interval) is omitted from the Extreme Value Theorem.

The function whose graph is shown in Figure 6 is defined on the closed interval
[0, 2] but has no maximum value. [Notice that the range of is [0, 3). The function
takes on values arbitrarily close to 3, but it never actually attains the value 3.] This 
does not contradict the Extreme Value Theorem because is not continuous. [None-
theless, a discontinuous function could have maximum and minimum values. See
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The function t shown in Figure 7 is continuous on the open interval (0, 2) but has
neither a maximum nor a minimum value. [The range of t is . The function takes
on arbitrarily large values.] This does not contradict the Extreme Value Theorem
because the interval (0, 2) is not closed.

The Extreme Value Theorem says that a continuous function on a closed interval
has a maximum value and a minimum value, but it does not tell us how to find these
extreme values. We start by looking for local extreme values.
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Şekiller uç değer teoreminin hipotezlerinden birini kaldırdığımızda
(süreklilik ya da kapalılık) fonksiyonun uç değerlere sahip olması
gerekmediğini gösterir.
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Uç değer teoremi bir kapalı aralıkta sürekli olan bir fonksiyonun bir
maksimum ve bir minimum değere sahip olduğunu söyler fakat bu uç
değerlerin nasıl bulunacağı konusunda bir şey söylemez.

Yerel uç değerleri arayarak işe başlayalım.
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Şekil c’de bir yerel maksimumu ve d’de bir yerel minimumu olan bir f
fonksiyonunun grafiğini göstermektedir. Maksimum ve minimum
noktalarında teğet doğruları yataydır ve bunun sonucu olarak her birinin
eğimi 0’dır. Türevin teğet doğrusunun eğimi olduğunu biliyoruz. Bu
nedenle, f ′(c) = 0 ve f ′(d) = 0’dır.

Figure 8 shows the graph of a function with a local maximum at and a local
minimum at . It appears that at the maximum and minimum points the tangent lines
are horizontal and therefore each has slope 0. We know that the derivative is the slope
of the tangent line, so it appears that and . The following theorem
says that this is always true for differentiable functions.

Fermat’s Theorem If has a local maximum or minimum at , and if 
exists, then .

Our intuition suggests that Fermat’s Theorem is true. A rigorous proof, using the
definition of a derivative, is given in Appendix E.

Although Fermat’s Theorem is very useful, we have to guard against reading too
much into it. If , then , so . But has no maximum or
minimum at 0, as you can see from its graph in Figure 9. The fact that sim-
ply means that the curve has a horizontal tangent at . Instead of having a
maximum or minimum at , the curve crosses its horizontal tangent there.

| Thus, when , doesn’t necessarily have a maximum or minimum at .
(In other words, the converse of Fermat’s Theorem is false in general.)

We should bear in mind that there may be an extreme value where does not
exist. For instance, the function has its (local and absolute) minimum
value at 0 (see Figure 10), but the value cannot be found by setting because,
as was shown in Example 6 in Section 2.8, does not exist.

Fermat’s Theorem does suggest that we should at least start looking for extreme
values of at the numbers where or where does not exist. Such num-
bers are given a special name.

Definition A critical number of a function is a number in the domain
of such that either or does not exist.

EXAMPLE 5 Find the critical numbers of .

SOLUTION The Product Rule gives
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� Fermat’s Theorem is named after
Pierre Fermat (1601–1665), a French
lawyer who took up mathematics as 
a hobby. Despite his amateur status, 
Fermat was one of the two inventors of
analytic geometry (Descartes was the
other). His methods for finding tangents
to curves and maximum and minimum
values (before the invention of limits and
derivatives) made him a forerunner of
Newton in the creation of differential 
calculus.
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Aşağıdaki teorem bu sonucun türevlenebilir fonksiyonlar için daima doğru
olduğunu söyler.

Teorem 11 (Fermat Teoremi)

Eğer f , c noktasında yerel maksimuma ya da yerel minimuma sahip ve
f ′(c) varsa f ′(c) = 0 sağlanır.

Note
Dolayısıyla, f ′(c) = 0 olduğunda f ’nin c noktasında maksimumu ya da
minimumu olması gerekmez. Diğer bir deyişle, Fermat teoreminin tersi
genelde doğru değildir.
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Figure 8 shows the graph of a function with a local maximum at and a local
minimum at . It appears that at the maximum and minimum points the tangent lines
are horizontal and therefore each has slope 0. We know that the derivative is the slope
of the tangent line, so it appears that and . The following theorem
says that this is always true for differentiable functions.

Fermat’s Theorem If has a local maximum or minimum at , and if 
exists, then .

Our intuition suggests that Fermat’s Theorem is true. A rigorous proof, using the
definition of a derivative, is given in Appendix E.

Although Fermat’s Theorem is very useful, we have to guard against reading too
much into it. If , then , so . But has no maximum or
minimum at 0, as you can see from its graph in Figure 9. The fact that sim-
ply means that the curve has a horizontal tangent at . Instead of having a
maximum or minimum at , the curve crosses its horizontal tangent there.

| Thus, when , doesn’t necessarily have a maximum or minimum at .
(In other words, the converse of Fermat’s Theorem is false in general.)

We should bear in mind that there may be an extreme value where does not
exist. For instance, the function has its (local and absolute) minimum
value at 0 (see Figure 10), but the value cannot be found by setting because,
as was shown in Example 6 in Section 2.8, does not exist.

Fermat’s Theorem does suggest that we should at least start looking for extreme
values of at the numbers where or where does not exist. Such num-
bers are given a special name.

Definition A critical number of a function is a number in the domain
of such that either or does not exist.

EXAMPLE 5 Find the critical numbers of .

SOLUTION The Product Rule gives

 �
3�4 � x� � 5x

5x 2�5 �
12 � 8x

5x 2�5

 f 
�x� � 3
5 x�2�5�4 � x� � x 3�5��1� �
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cf5
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�c�f 
�c� � 0cf

f 
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f 
�x� � 0

f �x� � 	 x 	
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�c�

FIGURE 9
If ƒ=˛, then fª(0)=0 but ƒ
has no minimum or maximum.

FIGURE 10
If ƒ=| x |, then f(0)=0 is a
minimum value, but fª(0) does not exist.
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f(x) = x3 ise f ′(0) = 0’dır ancak f ’nin maksimum ve minimumu yoktur.
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FIGURE 8

f(x) = |x| ise f(0) = 0 minimum değerdir fakat f ′(0) yoktur.
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Tanım 12
f bir fonksiyon ve c sayısı f ’nin tanım kümesi içinde olsun. Eğer
f ′(c) = 0 ya da f ′(c) yoksa c ye f ’nin bir kritik noktası denir.

Kritik sayılar cinsinden, Fermat teoremini aşağıdaki biçimde yeniden ifade
edebiliriz.

Teorem 13 (Fermat Teoremi)

Eğer f ’nin c’de bir yerel maksimumu ya da minimumu varsa c noktası
f ’nin bir kritik noktasıdır.
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Örnek 14
f(x) = x3/5(4− x) fonksiyonunun kritik sayılarını bulunuz.

Çözüm.

Çarpım kuralı ile

f ′(x) =
3

5
x−2/5(4− x) + x3/5(−1) = 3(4− x)

5x2/5
− x3/5

=
3(4− x)− 5x

5x2/5
=

12− 8x

5x2/5

olur. (Aynı sonuç f(x) = 4x3/5 − x8/5 yazarak da elde edilebilir.)
Böylece, f ′(x) = 0’dan 12− 8x = 0 olur. Buradan, x = 3

2 elde ederiz.
x = 0 noktasında türev yoktur.
Sonuç olarak, 3

2 ve 0 kritik noktalardır.
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Kapalı Aralık Yöntemi

Bir [a, b] kapalı aralığında tanımlanan bir sürekli fonksiyonun mutlak
maksimumum ya da minimum değerlerini bulmak için:

1 f ’nin (a, b)’deki kritik sayılardaki değerlerini bulunuz.

2 Aralığın uç noktalarında f ’nin değerlerini bulunuz.

3 Adım 1 ve 2’deki değerlerin en büyüğü mutlak maksimumum değeri,
en küçüğü ise mutlak minimum değeridir.
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Örnek 15
f(x) = 3x2 − 12x+ 5 fonksiyonunun [0, 3] aralığı üzerinde mutlak
maksimum ve mutlak minimum değerleri bulunuz.

Çözüm.

f(x) = 3x2 − 12x+ 5 fonksiyonu [0, 3] aralığında süreklidir.
f ′(x) = 6x− 12 olduğundan x = 2 kritik noktadır. Kritik noktada
fonksiyonun değeri

f(2) = 3(2)2 − 12(2) + 5 = −7

dir. Uç noktalarda fonksiyonun değeri

f(0) = 5 ve f(3) = −4

dir. Kapalı Aralık Yöntemini kullanarak bu üç değeri karşılaştırırsak
f(2) = −7 mutlak minimum değeri ve f(0) = 5 mutlak maksimum
değeri olur.
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