
Trigonometri Açılar

Trigonometri
Açılar

Açılar derece ya da radyan (kısaca rad) olarak ölçülebilir. Bir tam dönüş
ile verilen açı 360◦ olup 2π rad ile aynıdır. Dolayısıyla,

π rad = 180◦ (1)

olup

1 rad =

(
180

π

)◦
≈ 57.3◦ 1◦ =

π

180
rad ≈ 0.017 rad (2)

elde edilir.
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Örnek 1

(a) 60 derecenin radyan ölçüsünü bulunuz.

(b)
5π

4
radyanı derece cinsinden ifade ediniz.

Çözüm.

(a) Denklem (1) ya da (2) den dereceyi radyana çevirmek için π/180 ile
çarpmamız gerektiğini görürüz. Dolayısıyla

60◦ = 60
( π

180

)
=
π

3
rad

(b) Radyanı dereceye çevirmek için 180/π ile çarpanz. Bunun sonucu

5π

4
rad =

5π

4

(
180

π

)
= 225◦ dir.
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Kalkülüste tersi belirtilmediği sürece açıları ölçmek için radyan kullanırız.
Aşağıdaki tablolarda sık karşılaşılan bazı açıların radyan ve derece ölçüsü
karşılıkları verilmiştir.

Derece 0◦ 30◦ 45◦ 60◦ 90◦ 120◦ 135◦

Radyan 0 π
6

π
4

π
3

π
2

2π
3

3π
4

Derece 150◦ 180◦ 270◦ 360◦

Radyan 5π
6 π 3π

2 2π



Trigonometri Açılar

Bir açının standart konumu, Şekil 1 deki gibi köşesini başlangıç
noktasına ve başlangıç kenarını pozitif x−ekseni üzerine
yerleştirdiğimizde oluşur.

Şekil 1: θ > 0

Remember that Equations 3 are valid only when is measured in radians.
In particular, putting in Equation 3, we see that an angle of 1 rad is the angle

subtended at the center of a circle by an arc equal in length to the radius of the circle
(see Figure 2).

EXAMPLE 2
(a) If the radius of a circle is 5 cm, what angle is subtended by an arc of 6 cm?
(b) If a circle has radius 3 cm, what is the length of an arc subtended by a central
angle of rad?

SOLUTION
(a) Using Equation 3 with and , we see that the angle is

(b) With cm and rad, the arc length is

The standard position of an angle occurs when we place its vertex at the origin of
a coordinate system and its initial side on the positive -axis as in Figure 3.

A positive angle is obtained by rotating the initial side counterclockwise until it
coincides with the terminal side. Likewise, negative angles are obtained by clockwise
rotation as in Figure 4. Figure 5 shows several examples of angles in standard posi-
tion. Notice that different angles can have the same terminal side. For instance, the
angles , , and have the same initial and terminal sides because

and rad represents a complete revolution.
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Başlangıç kenarı, saat
yönünün tersi yönünde bitiş
kenarı ile çakışıncaya kadar
döndürülürse pozitif açı elde
edilir.

Benzer olarak saat yönünde
döndürülürse Şekil 2 deki gibi
negatif açı elde edilir.

Şekil 2: θ < 0

Remember that Equations 3 are valid only when is measured in radians.
In particular, putting in Equation 3, we see that an angle of 1 rad is the angle

subtended at the center of a circle by an arc equal in length to the radius of the circle
(see Figure 2).

EXAMPLE 2
(a) If the radius of a circle is 5 cm, what angle is subtended by an arc of 6 cm?
(b) If a circle has radius 3 cm, what is the length of an arc subtended by a central
angle of rad?

SOLUTION
(a) Using Equation 3 with and , we see that the angle is

(b) With cm and rad, the arc length is

The standard position of an angle occurs when we place its vertex at the origin of
a coordinate system and its initial side on the positive -axis as in Figure 3.

A positive angle is obtained by rotating the initial side counterclockwise until it
coincides with the terminal side. Likewise, negative angles are obtained by clockwise
rotation as in Figure 4. Figure 5 shows several examples of angles in standard posi-
tion. Notice that different angles can have the same terminal side. For instance, the
angles , , and have the same initial and terminal sides because

and rad represents a complete revolution.
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Trigonometri Açılar

Şekilde standart konumda birkaç açı örneğini gösterilmektedir. Farklı
açıların aynı başlangıç ve bitiş kenarlarına sahip olabileceğine dikkat
ediniz.

Remember that Equations 3 are valid only when is measured in radians.
In particular, putting in Equation 3, we see that an angle of 1 rad is the angle

subtended at the center of a circle by an arc equal in length to the radius of the circle
(see Figure 2).

EXAMPLE 2
(a) If the radius of a circle is 5 cm, what angle is subtended by an arc of 6 cm?
(b) If a circle has radius 3 cm, what is the length of an arc subtended by a central
angle of rad?
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(a) Using Equation 3 with and , we see that the angle is

(b) With cm and rad, the arc length is

The standard position of an angle occurs when we place its vertex at the origin of
a coordinate system and its initial side on the positive -axis as in Figure 3.

A positive angle is obtained by rotating the initial side counterclockwise until it
coincides with the terminal side. Likewise, negative angles are obtained by clockwise
rotation as in Figure 4. Figure 5 shows several examples of angles in standard posi-
tion. Notice that different angles can have the same terminal side. For instance, the
angles , , and have the same initial and terminal sides because

and rad represents a complete revolution.
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Remember that Equations 3 are valid only when is measured in radians.
In particular, putting in Equation 3, we see that an angle of 1 rad is the angle

subtended at the center of a circle by an arc equal in length to the radius of the circle
(see Figure 2).
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a coordinate system and its initial side on the positive -axis as in Figure 3.
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rotation as in Figure 4. Figure 5 shows several examples of angles in standard posi-
tion. Notice that different angles can have the same terminal side. For instance, the
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and rad represents a complete revolution.
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Remember that Equations 3 are valid only when is measured in radians.
In particular, putting in Equation 3, we see that an angle of 1 rad is the angle

subtended at the center of a circle by an arc equal in length to the radius of the circle
(see Figure 2).

EXAMPLE 2
(a) If the radius of a circle is 5 cm, what angle is subtended by an arc of 6 cm?
(b) If a circle has radius 3 cm, what is the length of an arc subtended by a central
angle of rad?

SOLUTION
(a) Using Equation 3 with and , we see that the angle is

(b) With cm and rad, the arc length is

The standard position of an angle occurs when we place its vertex at the origin of
a coordinate system and its initial side on the positive -axis as in Figure 3.

A positive angle is obtained by rotating the initial side counterclockwise until it
coincides with the terminal side. Likewise, negative angles are obtained by clockwise
rotation as in Figure 4. Figure 5 shows several examples of angles in standard posi-
tion. Notice that different angles can have the same terminal side. For instance, the
angles , , and have the same initial and terminal sides because

and rad represents a complete revolution.

y

x
0

¨=_ 5π
4

0

y

x

¨=11π
4

0

y

x

¨=3π
4

0

y

x

¨=_ π
2

0

y

x

¨=1

FIGURE 5
Angles in standard position

2�

3�

4
� 2� �

11�

4

3�

4
� 2� � �

5�

4

11��4�5��43��4

0

y

x

¨ initial side

terminal
side

FIGURE 3
¨˘0

0

y

x¨

initial side

terminal side

FIGURE 4
¨<0

x

a � r� � 3�3�

8 � �
9�

8
  cm

� � 3��8r � 3

� � 6
5 � 1.2 rad

r � 5a � 6

3��8

a � r
�

APPENDIX C TRIGONOMETRY � A19

r

r

r

1 rad

FIGURE 2

Remember that Equations 3 are valid only when is measured in radians.
In particular, putting in Equation 3, we see that an angle of 1 rad is the angle

subtended at the center of a circle by an arc equal in length to the radius of the circle
(see Figure 2).
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(b) With cm and rad, the arc length is

The standard position of an angle occurs when we place its vertex at the origin of
a coordinate system and its initial side on the positive -axis as in Figure 3.
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Remember that Equations 3 are valid only when is measured in radians.
In particular, putting in Equation 3, we see that an angle of 1 rad is the angle

subtended at the center of a circle by an arc equal in length to the radius of the circle
(see Figure 2).
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Örneğin, 3π
4 ,−

5π
4 ve 11π

4 açıları için

3π

4
− 2π = −5π

4

3π

4
+ 2π =

11π

4

olduğundan ve 2π rad bir tam dönmeyi temsil ettiği için aynı başlangıç ve
bitiş kenarlarına sahiptir.



Trigonometri Trigonometrik Fonksiyonlar

Trigonometrik Fonksiyonlar

Bir θ dar açısı için, altı trigonometrik fonksiyon bir dik üçgenin kenar
uzunluklarının oranı olarak aşağıdaki gibi tanımlanır.

The Trigonometric Functions

For an acute angle the six trigonometric functions are defined as ratios of lengths of
sides of a right triangle as follows (see Figure 6).

This definition does not apply to obtuse or negative angles, so for a general angle
in standard position we let be any point on the terminal side of and we let
be the distance as in Figure 7. Then we define

Since division by 0 is not defined, and are undefined when and
and are undefined when . Notice that the definitions in (4) and (5)

are consistent when is an acute angle.
If is a number, the convention is that means the sine of the angle whose

radian measure is . For example, the expression implies that we are dealing
with an angle of 3 rad. When finding a calculator approximation to this number we
must remember to set our calculator in radian mode, and then we obtain

If we want to know the sine of the angle we would write and, with our cal-
culator in degree mode, we find that

The exact trigonometric ratios for certain angles can be read from the triangles in
Figure 8. For instance,
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sin θ =
karşı

hipotenüs
csc θ =

hipotenüs

karşı

cos θ =
komşu

hipotenüs
sec θ =

hipotenüs

komşu
(3)

tan θ =
karşı

komşu
cot θ =

komşu

karşı
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Bu tanım, geniş ya da negatif açılara uygulanmaz. Bu nedenle, standart
konumda genel bir θ açısı için θ’nın bitiş kenarı üzerinde bir P (x, y)
noktası alır ve |OP | uzunluğunu Şekildeki gibi r ile gösteririz.

The Trigonometric Functions

For an acute angle the six trigonometric functions are defined as ratios of lengths of
sides of a right triangle as follows (see Figure 6).
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If we want to know the sine of the angle we would write and, with our cal-
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Böylece,

sin θ =
y

r
cos θ =

x

r
tan θ =

y

x

csc θ =
r

y
sec θ =

r

x
cot θ =

x

y

(4)

The Trigonometric Functions

For an acute angle the six trigonometric functions are defined as ratios of lengths of
sides of a right triangle as follows (see Figure 6).

This definition does not apply to obtuse or negative angles, so for a general angle
in standard position we let be any point on the terminal side of and we let
be the distance as in Figure 7. Then we define
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If is a number, the convention is that means the sine of the angle whose

radian measure is . For example, the expression implies that we are dealing
with an angle of 3 rad. When finding a calculator approximation to this number we
must remember to set our calculator in radian mode, and then we obtain

If we want to know the sine of the angle we would write and, with our cal-
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 tan 
�

4
� 1  tan 

�

6
�

1

s3
 tan 

�

3
� s3

 cos 
�

4
�

1

s2
 cos 

�

6
�

s3

2
 cos 

�

3
�

1

2

 sin 
�

4
�

1

s2
 sin 

�

6
�

1

2
 sin 

�

3
�

s3

2

sin 3
 
 0.05234

sin 3
3


sin 3 
 0.14112

sin 3�
sin ��

�
y � 0cot �csc �

x � 0sec �tan �

 cot � �
x

y
 tan � �

 y

x

 sec � �
r

x
 cos � �

x

r

 csc � �
r

y
 sin � �

 y

r
5

� OP �r
�P�x, y��

 cot � �
adj

opp
 tan � �

opp

adj

 sec � �
hyp

adj
 cos � �

adj

hyp

 csc � �
hyp

opp
 sin � �

opp

hyp
4

�

A20 � APPENDIX C TRIGONOMETRY

P(x, y)

O

y

x

r

¨

FIGURE 7

1

1

2œ„

π
4

π
4

FIGURE 8

1
2 π

3

œ„3

π
6

opposite
hypotenuse

adjacent

¨

FIGURE 6

yazılabilir. Payda sıfır olduğunda bölüm tanımsız olacağından, x = 0 için
tan θ ve sec θ, y = 0 için csc θ ve cot θ tanımsızdır. θ dar açı olduğunda
(3) ve (4) denklemlerin birbiriyle tutarlı olduğuna dikkat ediniz.
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Örnek 2
θ = 2π/3 için kesin trigonometrik oranları bulunuz.

Çözüm.

The signs of the trigonometric functions for angles in each of the four quadrants
can be remembered by means of the rule “All Students Take Calculus” shown in
Figure 9.

EXAMPLE 3 Find the exact trigonometric ratios for .

SOLUTION From Figure 10 we see that a point on the terminal line for is
. Therefore, taking

in the definitions of the trigonometric ratios, we have

The following table gives some values of and found by the method of
Example 3.

EXAMPLE 4 If and , find the other five trigonometric func-
tions of .

SOLUTION Since , we can label the hypotenuse as having length 5 and the 
adjacent side as having length 2 in Figure 11. If the opposite side has length , then 
the Pythagorean Theorem gives and so , or . We can 
now use the diagram to write the other five trigonometric functions:

EXAMPLE 5 Use a calculator to approximate the value of in Figure 12.

SOLUTION From the diagram we see that

Therefore x �
16

tan 40


 19.07

tan 40
 �
16

x

x

cot � �
2

s21
sec � �

5

2
csc � �

5

s21

tan � �
s21

2
sin � �

s21

5

x � s21x 2 � 21x 2 � 4 � 25
x

cos � � 2
5

�
0 � � � ��2cos � � 2

5

cos �sin �

 csc 
2�

3
�

2

s3
 sec 

2�

3
� �2  cot 

2�

3
� �

1

s3

 sin 
2�

3
�

s3

2
 cos 

2�

3
� �

1

2
 tan 

2�

3
� �s3

r � 2 y � s3x � �1

P(�1, s3)
� � 2��3

� � 2��3

APPENDIX C TRIGONOMETRY � A21

0

0 1 0 0

1 0 0 1�1�
s3

2
�

1

s2
�

1

2

1

2

1

s2
s3

2
cos �

�1
1

2

1

s2
s3

2
s3

2

1

s2

1

2
sin �

2�
3�

2
�

5�

6

3�

4

2�

3

�

2

�

3

�

4

�

6
�

0

y

x

sin ¨>0

tan ¨>0

all ratios>0

cos ¨>0

FIGURE 9

y

0 x

2π
3π

3

2
œ„3

1

P {_1, œ„3}

FIGURE 10

5

2

¨

x=    21œ„„

FIGURE 11

16

40°

x

FIGURE 12



Trigonometri Trigonometrik Fonksiyonlar

Çözüm (devamı).

Şekilden θ = 2π/3 ün bitiş doğrusu üzerindeki noktalardan birinin
P (−1,

√
3) olduğu görülür. Dolayısıyla, trigonometrik oranların tanımında

x = −1 y =
√
3 r = 2

alarak

sin
2π

3
=

√
3

2
cos

2π

3
= −1

2
tan

2π

3
= −
√
3

csc
2π

3
=

2√
3

sec
2π

3
= −2 cot

2π

3
= − 1√

3

elde ederiz.
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NOT
θ bir sayı olmak üzere sin(θ), radyan ölçüsü θ olan açının sinüsü
anlamına gelir.

Örneğin, sin(3) ifadesi 3 rad’lık bir açı ile ilgilendiğimizi belirtir. Bu sayıyı
hesap makinesi ile bulacağımız zaman makinenin radyan ayarına geçer ve

sin 3 ≈ 0.14112

elde ederiz.
3◦’lik açının sinüsünü bulmek istersek, hesap makinemizin derece ayarına
geçerek sin(3◦) yazar ve

sin 3◦ ≈ 0.05234

buluruz.
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Aşağıdaki tabloda bazı sin θ ve cos θ değerleri verilmiştir.

The signs of the trigonometric functions for angles in each of the four quadrants
can be remembered by means of the rule “All Students Take Calculus” shown in
Figure 9.

EXAMPLE 3 Find the exact trigonometric ratios for .

SOLUTION From Figure 10 we see that a point on the terminal line for is
. Therefore, taking

in the definitions of the trigonometric ratios, we have

The following table gives some values of and found by the method of
Example 3.

EXAMPLE 4 If and , find the other five trigonometric func-
tions of .

SOLUTION Since , we can label the hypotenuse as having length 5 and the 
adjacent side as having length 2 in Figure 11. If the opposite side has length , then 
the Pythagorean Theorem gives and so , or . We can 
now use the diagram to write the other five trigonometric functions:

EXAMPLE 5 Use a calculator to approximate the value of in Figure 12.

SOLUTION From the diagram we see that

Therefore x �
16

tan 40
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Trigonometrik Özdeşlikler

Trigonometrik özdeşlik trigonometrik fonksiyonlar arasında bir bağıntıdır.
Doğrudan doğruya trigonometrik fonksiyonların tanımından elde edilen
özdeşliklerin en temel olanları

csc θ =
1

sin θ
sec θ =

1

cos θ
cot θ =

1

tan θ

tan θ =
sin θ

cos θ
cot θ =

cos θ

sin θ

olarak verililir.
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sin2 θ + cos2 θ = 1

tan2 θ + 1 = sec2 θ

1 + cot2 θ = csc2 θ

sin(−θ) = − sin θ

cos(−θ) = cos θ

sin(θ + 2π) = sin θ cos(θ + 2π) = cos θ



Trigonometri Trigonometrik Özdeşlikler

Toplam formülleri olarak adlandırılan diğer iki temel trigonometrik
özdeşlik

sin(α+ β) = sinα cosβ + cosα sinβ

cos(α+ β) = cosα cosβ − sinα sinβ

şeklindedir.



Trigonometri Trigonometrik Özdeşlikler

sin(α− β) = sinα cosβ − cosα sinβ

cos(α− β) = cosα cosβ + sinα sinβ

tan(α+ β) =
tanα+ tanβ

1− tanα tanβ

tan(α− β) = tanα− tanβ

1 + tanα tanβ



Trigonometri Trigonometrik Özdeşlikler

sin 2α = 2 sinα cosα

cos 2α = cos2 α− sin2 α

cos 2α = 2 cos2 α− 1

cos2α = 1− 2 sin2 α

cos2 α =
1 + cos 2α

2

sin2 α =
1− cos 2α

2
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Örnek 3
sinx = sin 2x denklemini sağlayan [0, 2π] aralığındaki tüm x değerlerini
bulunuz.

Çözüm.

Çift-açı formülünü kullanarak verilen denklemi

sinx = 2 sinx cosx veya sinx(1− 2 cosx) = 0

şeklinde yazarız. Dolayısıyla iki seçenek vardır:

sinx = 0 veya 1− 2 cosx = 0

x = 0, π, 2π veya cosx =
1

2
⇒ x =

π

3
,
5π

3

Verilen denklemin beş çözümü vardır: x = 0, π, 2π, π3 ,
5π
3 .
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Trigonometrik Fonksiyonların Grafikleri

f(x) = sinx fonksiyonunun grafiğini elde etmek için önce 0 ≤ x ≤ 2π
aralığı için noktalar çizilmiş daha sonra grafik, fonksiyonun periyodik
yapısı kullanılarak tamamlanmıştır. Sinüs fonksiyonunun köklerinin π’nin
tam sayı katlarında ortaya çıktığına, başka bir deyişle,

n tamsayı olmak üzere x = nπ için sinx = 0

olduğuna dikkat ediniz.

cosx = sin
(
x+

π

2

)
özdeşliğinden dolayı kosinüs grafiği sinüs grafiğinin π

2 kadar sola
kaydırılması ile elde edilir. Sinüs ve kosinüs fonksiyonlarının her ikisinin de
tanım kümeleri ve görüntü kümeleri sırasıyla (−∞,∞) ve [−1, 1]
aralıklarıdır. Dolayısıyla, her x değeri için

−1 ≤ sinx ≤ 1 − 1 ≤ cosx ≤ 1

sağlanır.
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Therefore, there are two possibilities:

The given equation has five solutions: , , , , and .

Graphs of the Trigonometric Functions

The graph of the function , shown in Figure 13(a), is obtained by plotting
points for and then using the periodic nature of the function (from Equa-
tion 11) to complete the graph. Notice that the zeros of the sine function occur at the
integer multiples of , that is,

Because of the identity

(which can be verified using Equation 12a), the graph of cosine is obtained by shift-
ing the graph of sine by an amount to the left [see Figure 13(b)]. Note that for
both the sine and cosine functions the domain is and the range is the closed
interval . Thus, for all values of , we have

The graphs of the remaining four trigonometric functions are shown in Figure 14
and their domains are indicated there. Notice that tangent and cotangent have range

, whereas cosecant and secant have range . All four func-
tions are periodic: tangent and cotangent have period , whereas cosecant and secant
have period .2�

�
���, �1� � �1, �����, ��
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Therefore, there are two possibilities:

The given equation has five solutions: , , , , and .

Graphs of the Trigonometric Functions

The graph of the function , shown in Figure 13(a), is obtained by plotting
points for and then using the periodic nature of the function (from Equa-
tion 11) to complete the graph. Notice that the zeros of the sine function occur at the
integer multiples of , that is,

Because of the identity

(which can be verified using Equation 12a), the graph of cosine is obtained by shift-
ing the graph of sine by an amount to the left [see Figure 13(b)]. Note that for
both the sine and cosine functions the domain is and the range is the closed
interval . Thus, for all values of , we have

The graphs of the remaining four trigonometric functions are shown in Figure 14
and their domains are indicated there. Notice that tangent and cotangent have range
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Geriye kalan dört trigonometrik fonksiyonun grafikleri ilerideki şekillerde
gösterilmiştir.
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Inverse Trigonometric Functions

When we try to find the inverse trigonometric functions, we have a slight difficulty:
Because the trigonometric functions are not one-to-one, they don’t have inverse func-
tions. The difficulty is overcome by restricting the domains of these functions so that
they become one-to-one.

You can see from Figure 15 that the sine function is not one-to-one (use
the Horizontal Line Test). But the function (see 
Figure 16), is one-to-one. The inverse function of this restricted sine function exists
and is denoted by or . It is called the inverse sine function or the arcsine
function.

Since the definition of an inverse function says that
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Şekil 3: y = tanx
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Inverse Trigonometric Functions

When we try to find the inverse trigonometric functions, we have a slight difficulty:
Because the trigonometric functions are not one-to-one, they don’t have inverse func-
tions. The difficulty is overcome by restricting the domains of these functions so that
they become one-to-one.

You can see from Figure 15 that the sine function is not one-to-one (use
the Horizontal Line Test). But the function (see 
Figure 16), is one-to-one. The inverse function of this restricted sine function exists
and is denoted by or . It is called the inverse sine function or the arcsine
function.

Since the definition of an inverse function says that
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Şekil 4: y = cotx
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Inverse Trigonometric Functions

When we try to find the inverse trigonometric functions, we have a slight difficulty:
Because the trigonometric functions are not one-to-one, they don’t have inverse func-
tions. The difficulty is overcome by restricting the domains of these functions so that
they become one-to-one.

You can see from Figure 15 that the sine function is not one-to-one (use
the Horizontal Line Test). But the function (see 
Figure 16), is one-to-one. The inverse function of this restricted sine function exists
and is denoted by or . It is called the inverse sine function or the arcsine
function.

Since the definition of an inverse function says that
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Şekil 5: y = cscx
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Inverse Trigonometric Functions

When we try to find the inverse trigonometric functions, we have a slight difficulty:
Because the trigonometric functions are not one-to-one, they don’t have inverse func-
tions. The difficulty is overcome by restricting the domains of these functions so that
they become one-to-one.

You can see from Figure 15 that the sine function is not one-to-one (use
the Horizontal Line Test). But the function (see 
Figure 16), is one-to-one. The inverse function of this restricted sine function exists
and is denoted by or . It is called the inverse sine function or the arcsine
function.

Since the definition of an inverse function says that
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Şekil 6: y = secx
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Ters Trigometrik Fonksiyonlar

Trigonometrik fonksiyonların tersini bulmaya çalıştığımızda küçük bir
güçlükle karşılaşırız.

Trigonometrik fonksiyonlar bire-bir olmadığından ters fonksiyonları
tanımlı değildir.

Bu fonksiyonların tanım kümeleri, fonksiyon bire-bir olacak şekilde
kısıtlanarak bu güçlük aşılır.
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Şekilden y = sin(x) fonksiyonunun bire-bir olmadığı (Yatay Doğru Ölçütü
kullanılarak) görülür.

Inverse Trigonometric Functions

When we try to find the inverse trigonometric functions, we have a slight difficulty:
Because the trigonometric functions are not one-to-one, they don’t have inverse func-
tions. The difficulty is overcome by restricting the domains of these functions so that
they become one-to-one.

You can see from Figure 15 that the sine function is not one-to-one (use
the Horizontal Line Test). But the function (see 
Figure 16), is one-to-one. The inverse function of this restricted sine function exists
and is denoted by or . It is called the inverse sine function or the arcsine
function.

Since the definition of an inverse function says that
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Ancak, f(x) = sin(x), −π/2 ≤ x ≤ π/2 fonksiyonu bire-birdir.

Inverse Trigonometric Functions

When we try to find the inverse trigonometric functions, we have a slight difficulty:
Because the trigonometric functions are not one-to-one, they don’t have inverse func-
tions. The difficulty is overcome by restricting the domains of these functions so that
they become one-to-one.

You can see from Figure 15 that the sine function is not one-to-one (use
the Horizontal Line Test). But the function (see 
Figure 16), is one-to-one. The inverse function of this restricted sine function exists
and is denoted by or . It is called the inverse sine function or the arcsine
function.

Since the definition of an inverse function says that
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Şekil 7:

Bu kısıtlanmış sinüs fonksiyonunun tersi vardır ve sin−1 ya da arcsin ile
gösterilir.
Bu fonksiyon ters sinüs fonksiyonu ya da arksinüs fonksiyonu olarak
adlandırılır.
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Ters fonksiyonun tanımı

f−1(x) = y ⇔ f(y) = x

olduğunu söyler. Buradan

sin−1(x) = y ⇔ sin(y) = x ve − π/2 ≤ y ≤ π/2

elde ederiz. Dolayısıyla, −1 ≤ x ≤ 1 için sin−1 x, −π/2 ile π/2 arasında
bulunan, sinüsü x olan sayıdır.
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Örnek 4
(a) sin−1(1/2) ve (b) tan(arcsin(1/3)) değerlerini hesaplayınız.

Çözüm.

(a) sin(π/6) = 1/2 ve π/6, −π/2 ile π/2 arasında olduğundan

sin−1(1/2) =
π

6
dır.

(b)

we have

| Thus, if , is the number between and whose sine is .

EXAMPLE 7 Evaluate (a) and (b) .

SOLUTION
(a) We have

because and lies between and .

(b) Let . Then we can draw a right triangle with angle as in Figure 17
and deduce from the Pythagorean Theorem that the third side has length

. This enables us to read from the triangle that

The cancellation equations for inverse functions [see (1.6.4)] become, in this case,

The inverse sine function, , has domain and range , and its
graph, shown in Figure 18, is obtained from that of the restricted sine function (Fig-
ure 16) by reflection about the line .

The tangent function can be made one-to-one by restricting it to the interval
. Thus, the inverse tangent function is defined as the inverse of the func-

tion . (See Figure 19.) It is denoted by or arctan.tan�1f �x� � tan x, ���2 � x � ��2
����2, ��2�

y

0 xπ
2

π
2_0

y

x1_1

π
2

_ π
2

FIGURE 19  y=tan x, _   <x<π
2

π
2FIGURE 18  y=sin–! x

y � x

����2, ��2���1, 1�sin�1

for �1 � x � 1 sin�sin�1x� � x

for �
�

2
� x �

�

2
 sin�1�sin x� � x

tan(arcsin 13 ) � tan � �
1

2s2

s9 � 1 � 2s2

�� � arcsin 13

��2���2��6sin���6� � 1
2

sin�1(1
2) �

�

6

tan(arcsin 13 )sin�1(1
2)

x��2���2sin�1x�1 � x � 1sin�1x �
1

sin x

�
�

2
� y �

�

2
andsin y � x&?sin�1x � y

A26 � APPENDIX C TRIGONOMETRY

2 œ„2

3

¨

1

FIGURE 17

θ = arcsin(1/3) olsun. Bu durumda açısı
θ olan Şekildeki gibi bir dik üçgen çizer
ve Pisagor Teoremi’nden üçüncü kenarın√
9− 1 = 2

√
2 olduğunu buluruz.

Bu ise, üçgenden

tan(arcsin(1/3)) = tan θ =
1

2
√
2

sonucunu elde etmemize olanak sağlar.
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Ters sinüs (yani, sin−1) fonksiyonunun tanım kümesi [−1, 1] ve görüntü
kümesi [−π/2, π/2]’dir ve Şekil 8 de gösterilen grafiği, kısıtlanmış sinüs
fonksiyonunun (Şekil 7) y = x doğrusuna göre yansıtılmasıyla elde
edilmiştir.

we have

| Thus, if , is the number between and whose sine is .

EXAMPLE 7 Evaluate (a) and (b) .

SOLUTION
(a) We have

because and lies between and .

(b) Let . Then we can draw a right triangle with angle as in Figure 17
and deduce from the Pythagorean Theorem that the third side has length

. This enables us to read from the triangle that

The cancellation equations for inverse functions [see (1.6.4)] become, in this case,

The inverse sine function, , has domain and range , and its
graph, shown in Figure 18, is obtained from that of the restricted sine function (Fig-
ure 16) by reflection about the line .

The tangent function can be made one-to-one by restricting it to the interval
. Thus, the inverse tangent function is defined as the inverse of the func-

tion . (See Figure 19.) It is denoted by or arctan.tan�1f �x� � tan x, ���2 � x � ��2
����2, ��2�
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Şekil 8:
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Tanjant fonksiyonu (−π/2, π/2) aralığına kısıtlanarak bire-bir yapılabilir.

we have

| Thus, if , is the number between and whose sine is .

EXAMPLE 7 Evaluate (a) and (b) .

SOLUTION
(a) We have

because and lies between and .

(b) Let . Then we can draw a right triangle with angle as in Figure 17
and deduce from the Pythagorean Theorem that the third side has length

. This enables us to read from the triangle that

The cancellation equations for inverse functions [see (1.6.4)] become, in this case,

The inverse sine function, , has domain and range , and its
graph, shown in Figure 18, is obtained from that of the restricted sine function (Fig-
ure 16) by reflection about the line .

The tangent function can be made one-to-one by restricting it to the interval
. Thus, the inverse tangent function is defined as the inverse of the func-

tion . (See Figure 19.) It is denoted by or arctan.tan�1f �x� � tan x, ���2 � x � ��2
����2, ��2�
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Şekil 9:
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Dolayısıyla, ters tanjant fonksiyonu; f(x) = tan(x), π/2 < x < π/2
fonksiyonunun tersidir (Bakınız Şekil 9) ve tan−1 ya da arctan ile
gösterilir.

tan−1(x) = y ⇔ tan(y) = x ve − π/2 < y < π/2

.
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Ters tanjant, tan−1 = arctan, fonksiyonunun tanım kümesi R, görüntü
kümesi (−π/2, π/2) dir.

EXAMPLE 8 Simplify the expression .

SOLUTION 1 Let . Then and . We want to find
but, since is known, it is easier to find first:

Thus

SOLUTION 2 Instead of using trigonometric identities as in Solution 1, it is perhaps
easier to use a diagram. If , then , and we can read from Fig-
ure 20 (which illustrates the case ) that

The inverse tangent function, , has domain and its range is
. Its graph is shown in Figure 21. We know that the lines are

vertical asymptotes of the graph of . Since the graph of is obtained by reflect-
ing the graph of the restricted tangent function about the line , it follows that the
lines and are horizontal asymptotes of the graph of .

Of the six inverse trigonometric functions, arcsin and arctan are the ones that are
most useful for the purposes of calculus. The inverse cosine function is investigated in
Exercise 46. The remaining inverse trigonometric functions don’t arise as frequently.

tan�1y � ���2y � ��2
y � x

tan�1tan
x � 	��2����2, ��2�

�tan�1 � arctan

cos�tan�1x� � cos y �
1

s1 � x 2

y � 0
tan y � xy � tan�1x

cos�tan�1x� � cos y �
1

sec y
�

1

s1 � x 2

�since sec y � 0 for ���2 � y � ��2� sec y � s1 � x 2

 sec2y � 1 � tan2y � 1 � x 2

sec ytan ycos y
���2 � y � ��2tan y � xy � tan�1x

cos�tan�1x�

�
�

2
� y �

�

2
andtan y � x&?tan�1x � y
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5. Find the length of a circular arc subtended by an angle of 
rad if the radius of the circle is 36 cm.

6. If a circle has radius 10 cm, find the length of the arc sub-
tended by a central angle of .

7. A circle has radius m. What angle is subtended at the
center of the circle by an arc 1 m long?

8. Find the radius of a circular sector with angle and arc
length 6 cm.

3��4

1.5

72


��12
1–2 � Convert from degrees to radians.

1. (a) (b)

2. (a) (b)
� � � � � � � � � � � � �

3–4 � Convert from radians to degrees.

3. (a) (b)

4. (a) (b)

� � � � � � � � � � � � �
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3
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7�
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�
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8
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36
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FIGURE 21
y=tan–! x=arctan x
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Örnek 5
cos(tan−1 x) ifadesini sadeleştiriniz.

Çözüm.

y = tan−1 x olsun. Bu durumda tan y = x ve −π/2 < y < π/2 olur.
cos y yi bulmak için tan y yardımıyla sec y yi hesaplayalım.

sec2 y = 1 + tan2 y = 1 + x2

sec y =
√
1 + x2 (−π/2 < y < π/2 için sec y > 0 old.)

Dolayısıyla,

cos(tan−1 x) = cos y =
1

sec y
=

1√
1 + x2

dir.
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