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By comparing Definition l with the definitions of one-sided limits, we see that the
following is true.

if and only if and

EXAMPLE 7 The graph of a function is shown in Figure 10. Use it to state the 
values (if they exist) of the following:

(a) (b) (c)

(d) (e) (f)

SOLUTION From the graph we see that the values of approach 3 as x approaches 2
from the left, but they approach 1 as x approaches 2 from the right. Therefore

(a) and (b)

(c) Since the left and right limits are different, we conclude from (3) that
does not exist.

The graph also shows that

(d) and (e)

(f) This time the left and right limits are the same and so, by (3), we have

Despite this fact, notice that 

EXAMPLE 8 Find if it exists.

SOLUTION As becomes close to 0, also becomes close to 0, and becomes 
very large. (See the table at the left.) In fact, it appears from the graph of the func-
tion shown in Figure 11 that the values of can be made arbitrarily
large by taking close enough to 0. Thus, the values of do not approach a
number, so does not exist.
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Tablodan, x’i 0’a yaklaştıkça
1

x2
değerlerinin büyüdüğü görülüyor.

Aslında, Şekilden, x’i 0’a yeterince yakın alarak
1

x2
değerlerinin istenildiği

kadar büyük yapılabileceği sonucuna varabiliriz.
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Dolayısıyla, f(x)’in değerleri sonlu bir sayıya yaklaşmaz ve

lim
x→0

1

x2

limiti yoktur.

Bu tür davranışı betimlemek için

lim
x→0

1

x2
=∞

gösterimini kullanırız.

Buradaki ∞ işaretini bir sayı olarak düşündüğümüz anlamına gelmediği
gibi, limitin var olduğu anlamına da gelmez.

Bu, yalnızca limitin olmamasının nedeninin ifadesidir: x değişkeni 0’a

yeterince yakın alınarak
1

x2
istenildiği kadar büyütülebilir.
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Genellikle, x değişkeni a’ya yaklaşırken f(x)’in değerlerinin giderek
büyüdüğünü (veya “sınırsız olarak arttığını”) göstermek için simgesel
olarak

lim
x→a

f(x) =∞

yazarız.
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Tanım 1

lim
x→a

f(x) =∞

gösterimi, x değişkeni a’ya yeterince yakın (sağından veya solundan) ama
a’dan farklı alınarak f(x) değerlerinin istenildiği kadar büyük
yapılabileceği anlamına gelir.

To indicate this kind of behavior we use the notation

| This does not mean that we are regarding as a number. Nor does it mean that the
limit exists. It simply expresses the particular way in which the limit does not exist:

can be made as large as we like by taking close enough to 0.
In general, we write symbolically

to indicate that the values of become larger and larger (or “increase without
bound”) as approaches .

Definition The notation

means that the values of can be made arbitrarily large (as large as we
please) by taking sufficiently close to (on either side of ) but not equal to .

Another notation for is

as

Again, the symbol is not a number, but the expression is often read
as

“the limit of , as approaches , is infinity”

or “ becomes infinite as approaches ”

or “ increases without bound as approaches ”

This definition is illustrated graphically in Figure 2.
Similarly, as shown in Figure 3,

means that the values of are as large negative as we like for all values of that
are sufficiently close to , but not equal to .

The symbol can be read as “the limit of , as approaches
, is negative infinity” or “ decreases without bound as approaches .” As an

example we have

Similar definitions can be given for the one-sided infinite limits
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� A more precise version of Definition 1
is given in Appendix D, Exercise 16.
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lim
x→a

f(x) = −∞ gösterimi “x değişkeni a’ya yaklaşırken f(x)’in limiti

eksi sonsuzdur” ya da “x değişkeni a ya yaklaşırken f(x) sınırsız olarak
azalır” olarak okunabilir.
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Örnek olarak, lim
x→0

(
− 1

x2

)
= −∞ verilebilir.
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Benzer tanımlar, “x→ a−” gösteriminin yalnız a’dan küçük x değerlerini
ve benzer biçimde “x→ a+” gösteriminin yalnız x > a değerlerini
düşündüğümüz anlamına geldiği anımsanarak

lim
x→a−

f(x) =∞ lim
x→a+

f(x) =∞

lim
x→a−

f(x) = −∞ lim
x→a+

f(x) = −∞

tek yönlü limitleri için de verilebilir.
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remembering that “ ” means that we consider only values of that are less than
, and similarly “ ” means that we consider only . Illustrations of these

four cases are given in Figure 4.

Definition The line is called a vertical asymptote of the curve
if at least one of the following statements is true:

For instance, the -axis is a vertical asymptote of the curve because
. In Figure 4 the line is a vertical asymptote in each of the 

four cases shown.

EXAMPLE 1 Find and .

SOLUTION If is close to 3 but larger than 3, then the denominator is a small
positive number and is close to 6. So the quotient is a large positive
number. Thus, intuitively we see that

Likewise, if is close to 3 but smaller than 3, then is a small negative number
but is still a positive number (close to 6). So is a numerically large
negative number. Thus

The graph of the curve is given in Figure 5. The line is a
vertical asymptote.

Two familiar functions whose graphs have vertical asymptotes are and
. From Figure 6 we see thaty � ln x

y � tan x

x � 3y � 2x��x � 3�
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Örnek 2

lim
x→3+

2x

x− 3
ve lim

x→3−

2x

x− 3
limitlerini bulunuz.

Çözüm.

x değeri 3 den büyük ve 3 e yakın bir sayı ise, payda x− 3 küçük ve
pozitif bir sayı ve pay 2x de 6 ya yakın olacağından, 2x/(x− 3) oranı
büyük bir pozitif sayı olacaktır. Buradan, sezgisel olarak

lim
x→3+

2x

x− 3
=∞

olduğunu görürüz. Benzer biçimde, x in 3 den küçük ve 3 e yakın
değerleri için x− 3 negatif ve küçük bir sayıdır, ama 2x yine pozitif bir
sayıdır (6 ya yakın). Dolayısıyla 2x/(x− 3) sayısal değeri büyük bir sayı
olur.
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Çözüm (devamı).

remembering that “ ” means that we consider only values of that are less than
, and similarly “ ” means that we consider only . Illustrations of these

four cases are given in Figure 4.

Definition The line is called a vertical asymptote of the curve
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four cases shown.
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Böylece

lim
x→3−

2x

x− 3
= −∞

elde ederiz.
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Örnek 3
lim
x→0

ln(tan2 x) limitini bulunuz.

Çözüm.

Değişken değiştirerek, yeni bir t = tan2 x değişkeni tanımlayalım. t ≥ 0
dır ve tanjant fonksiyonunun sürekliliğinden x→ 0 iken
t = tan2 x→ tan2 0 = 0 olur. Dolayısıyla,

lim
x→0

ln(tan2 x) = lim
t→0+

ln t = −∞

dır.
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Sonsuzdaki Limitler

Tanım 4
f fonksiyonu, (a,∞) aralığında tanımlı olsun.

lim
x→∞

f(x) = L

ifadesi x’in değeri “yeterince büyük” seçilerek f(x) değerinin L’ye
istenildiği kadar yakın yapılabileceği anlamını taşır.
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Tanımın geometrik açıklaması
Şekillerde verilmiştir. Bir f
fonksiyonunun y = L doğrusuna
yaklaşmasının bir çok yolu olduğuna
dikkat ediniz.

As grows larger and larger you can see that the values of get closer and
closer to 1. In fact, it seems that we can make the values of as close as we like to
1 by taking sufficiently large. This situation is expressed symbolically by writing

In general, we use the notation

to indicate that the values of approach as becomes larger and larger.

Definition Let be a function defined on some interval . Then

means that the values of can be made as close to as we like by taking 
sufficiently large.

Another notation for is

as

The symbol does not represent a number. Nonetheless, the expression
is often read as 

“the limit of , as approaches infinity, is ”

or “the limit of , as becomes infinite, is ”

or “the limit of , as increases without bound, is ”

The meaning of such phrases is given by Definition 4.
Geometric illustrations of Definition 4 are shown in Figure 9. Notice that there are

many ways for the graph of to approach the line (which is called a horizon-
tal asymptote).

Referring back to Figure 8, we see that for numerically large negative values of ,
the values of are close to 1. By letting decrease through negative values with-xf �x�
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� A more precise version of Definition 4
is given in Appendix D.
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is given in Appendix D.
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Genel olarak, Şekilde görüldüğü gibi

lim
x→−∞

f(x) = L

gösterimi x negatif saylardan yeteri kadar küçülterek f(x) değerlerinin L
sayısına istenildiği kadar yakın yapılabileceğini ifade eder.

out bound, we can make as close to 1 as we like. This is expressed by writing

In general, as shown in Figure 10, the notation

means that the values of can be made arbitrarily close to by taking sufficiently
large negative.

Again, the symbol does not represent a number, but the expression
is often read as

“the limit of , as x approaches negative infinity, is L”

Definition The line is called a horizontal asymptote of the curve
if either 

For instance, the curve illustrated in Figure 8 has the line as a horizontal
asymptote because 

An example of a curve with two horizontal asymptotes is . (See Figure 11.)
In fact,

so both of the lines and are horizontal asymptotes. (This follows
from the fact that the lines are vertical asymptotes of the graph of tan.)

EXAMPLE 3 Find the infinite limits, limits at infinity, and asymptotes for the function
whose graph is shown in Figure 12.

SOLUTION We see that the values of become large as from both sides, so

Notice that becomes large negative as x approaches 2 from the left, but large
positive as x approaches 2 from the right. So

Thus, both of the lines and are vertical asymptotes.x � 2x � �1
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Örnek 5

lim
x→∞

1

x
ve lim

x→−∞

1

x
limitlerini bulunuz.

Çözüm.

x büyükken 1/x in küçük olduğunu gözlemleyiniz. Örneğin,

1

100
= 0, 01

1

10.000
= 0, 0001

1

1.000.000
= 0, 000001

dir. Gerçekten x i yeterince büyük seçerek 1/x i 0 a istediğimiz kadar
yakın yapabiliriz. Tanım gereğince

lim
x→∞

1

x
= 0

elde ederiz.
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Çözüm (devamı).

As x becomes large, we see that approaches 4. But as x decreases through
negative values, approaches 2. So

This means that both and are horizontal asymptotes.

EXAMPLE 4 Find and .

SOLUTION Observe that when is large, is small. For instance,

In fact, by taking large enough, we can make as close to 0 as we please.
Therefore, according to Definition 4, we have 

Similar reasoning shows that when is large negative, is small negative, so we
also have

It follows that the line (the -axis) is a horizontal asymptote of the curve
. (This is an equilateral hyperbola; see Figure 13.)

Most of the Limit Laws that were given in Section 2.3 also hold for limits at infin-
ity. It can be proved that the Limit Laws listed in Section 2.3 (with the exception of
Laws 9 and 10) are also valid if “ ” is replaced by “ ” or “ .” In
particular, if we combine Law 6 with the results of Example 4 we obtain the follow-
ing important rule for calculating limits.

If is a positive integer, then

EXAMPLE 5 Evaluate

SOLUTION To evaluate the limit at infinity of a rational function, we first divide both
the numerator and denominator by the highest power of that occurs in the denomi-
nator. (We may assume that , since we are interested only in large values of .) xx � 0

x

lim
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1
x

1
x

Benzer şekilde x in büyük değerleri için 1/x negatif ve küçük olur.
Böylece

lim
x→−∞

1

x
= 0 buluruz.



Sonsuzluk İçeren Limitler Sonsuzdaki Limitler

Daha önce verilen limit kurallarının çoğu sonsuzdaki limitlerde de
geçerlidir. Kural 9 ve Kural 10 dışında verilen diğer limit kurallarının
“x→ a” yerine “x→∞” veya “x→ −∞” konduğunda da geçerli
olduğu kanıtlanabilir.
Özel olarak, n pozitif bir tamsayı olmak üzere

lim
x→−∞

1

xn
= 0, lim

x→∞

1

xn
= 0.

olur.
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Örnek 6

lim
x→∞

3x2 − x− 2

5x2 + 4x+ 1
limitini bulunuz.

Çözüm.

Kesirli bir fonksiyonun sonsuzdaki limitini bulmak için önce pay ve
paydayı, paydadaki x in en büyük kuvvetine böleriz. (Yalnızca x in büyük
değerleri ile ilgilendiğimizden, x 6= 0 varsayabiliriz.) Bu örnekte paydadaki
x in en büyük kuvveti x2 olduğundan, limit kurallarından

lim
x→∞

3x2 − x− 2

5x2 + 4x+ 1
= lim

x→∞

3x2−x−2
x2

5x2+4x+1
x2

= lim
x→∞

3− 1
x −

2
x2

5 + 4
x + 1

x2
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Çözüm (devamı).

=
lim
x→∞

(3− 1
x −

2
x2 )

lim
x→∞

(5 + 4
x + 1

x2 )

=
lim
x→∞

3− lim
x→∞

1
x − 2 lim

x→∞
1
x2

lim
x→∞

5 + 4 limx→∞
1
x lim
x→∞

1
x2

=
3− 0− 0

5 + 0 + 0
=

3

5

buluruz. Benzer bir hesaplama x→ −∞ iken alınan limitin yine 3/5
olduğunu verir.
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Çözüm (devamı).

Şekil verilen kesirli fonksiyonun y = 3/5 yatay asimptotuna yaklaşmasını
göstererek bu hesaplamaların sonucunu sergilemektedir.
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5≈+4x+1

In this case the highest power of is , and so, using the Limit Laws, we have

[by (7)]

A similar calculation shows that the limit as is also . Figure 14 illustrates
the results of these calculations by showing how the graph of the given rational
function approaches the horizontal asymptote .

EXAMPLE 6 Compute .

SOLUTION We first multiply numerator and denominator by the conjugate radical:

The Squeeze Theorem could be used to show that this limit is 0. But an easier
method is to divide numerator and denominator by . Doing this and remembering
that for , we obtain

Figure 15 illustrates this result.
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Örnek 7
lim
x→∞

(
√
x2 + 1− x) limitini bulunuz.

Çözüm.

Pay ve paydayı eşlenikle çarparak, paydaki kare kökten kurtulur ve

lim
x→∞

(
√

x2 + 1− x) = lim
x→∞

(
√

x2 + 1− x)

√
x2 + 1 + x√
x2 + 1 + x

= lim
x→∞

x2 + 1− x2√
x2 + 1 + x

= lim
x→∞

1√
x2 + 1 + x

= 0

elde ederiz.
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Örnek 8
Doğal üstel fonksiyon y = ex in grafiğinden

lim
x→−∞

ex = 0 (1)

olduğunu söyleyebiliriz.

The graph of the natural exponential function has the line y � 0 (the x-axis)
as a horizontal asymptote. (The same is true of any exponential function with base

.) In fact, from the graph in Figure 16 and the corresponding table of values, we
see that

Notice that the values of approach 0 very rapidly.

EXAMPLE 7 Evaluate .

SOLUTION If we let , we know from Example 4 that as .
Therefore, by (8),

EXAMPLE 8 Evaluate .

SOLUTION As x increases, the values of sin x oscillate between 1 and �1 infinitely
often. Thus, does not exist.

Infinite Limits at Infinity

The notation

is used to indicate that the values of become large as becomes large. Similar
meanings are attached to the following symbols:

From Figures 16 and 17 we see that

but, as Figure 18 demonstrates, becomes large as at a much faster rate
than .y � x 3
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Örnek 9
lim

x→0−
e1/x limitini bulunuz.

Çözüm.

t = 1/x değişkeni için x→ 0− iken t→ −∞ olduğunu biliyoruz. Böylece
(1) den

lim
x→0−

e1/x = lim
t→−∞

et = 0

olur.
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Örnek 10
lim
x→∞

sinx limitini bulunuz.

Çözüm.

x artarken sinx değerleri −1 ile 1 arasında sonsuz kez salınır. Bu nedenle
lim
x→∞

sinx limiti yoktur.
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Sonsuzdaki Sonsuz Limitler

lim
x→∞

f(x) =∞

gösterimi, x büyürken f(x) değerlerinin de büyüdüğünü ifade eder.

lim
x→−∞

f(x) =∞ lim
x→∞

f(x) = −∞ lim
x→−∞

f(x) = −∞

gösterimlerinin de anlamları benzerdir.
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The graph of the natural exponential function has the line y � 0 (the x-axis)
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The graph of the natural exponential function has the line y � 0 (the x-axis)
as a horizontal asymptote. (The same is true of any exponential function with base

.) In fact, from the graph in Figure 16 and the corresponding table of values, we
see that

Notice that the values of approach 0 very rapidly.

EXAMPLE 7 Evaluate .

SOLUTION If we let , we know from Example 4 that as .
Therefore, by (8),

EXAMPLE 8 Evaluate .

SOLUTION As x increases, the values of sin x oscillate between 1 and �1 infinitely
often. Thus, does not exist.

Infinite Limits at Infinity

The notation

is used to indicate that the values of become large as becomes large. Similar
meanings are attached to the following symbols:

From Figures 16 and 17 we see that

but, as Figure 18 demonstrates, becomes large as at a much faster rate
than .y � x 3
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lim
x→∞

ex =∞ lim
x→∞

x3 =∞ lim
x→−∞

x3 = −∞
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x→∞ iken y = ex, y = x3’ten çok daha hızlı büyümektedir.

EXAMPLE 9 Find .

| SOLUTION Note that we cannot write

The Limit Laws can’t be applied to infinite limits because is not a number 
( can’t be defined). However, we can write

because both and become arbitrarily large.

EXAMPLE 10 Find .

SOLUTION We divide numerator and denominator by (the highest power of that
occurs in the denominator):

because and as .x l 
3�x � 1 l �1x � 1 l 
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Exercises � � � � � � � � � � � � � � � � � � � � � � � � � �2.5

1. Explain in your own words the meaning of each of the 
following.
(a) (b)

(c) (d)

(a) Can the graph of intersect a vertical asymp-
tote? Can it intersect a horizontal asymptote? Illustrate
by sketching graphs.

(b) How many horizontal asymptotes can the graph of
have? Sketch graphs to illustrate the 

possibilities.

3. For the function whose graph is given, state the following.

x

y

1

1

f

y � f �x�

y � f �x�2.

lim 
x l�


 f �x� � 3lim 
x l


 f �x� � 5

lim
x l

 

1�
 f �x� � �
lim

x l
 

2
 f �x� � 


(a) (b)

(c) (d)

(e) (f) The equations of the asymptotes

4. For the function t whose graph is given, state the following.

(a) (b)

(c) (d)

(e) (f) The equations of the asymptotes
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Örnek 11
lim
x→∞

(x2 − x) limitini bulunuz.

Çözüm.

lim
x→∞

(x2 − x) = lim
x→∞

x2 − lim
x→∞

x =∞−∞

yazılamayacağına dikkat ediniz. Limit kuralları ∞ bir sayı olmadğından
sonsuz limitlerde kullanılamazlar. (∞−∞ tanımlanamaz). Ancak hem x
hem de x− 1 sınırsız olarak büyüdüğünden

lim
x→∞

(x2 − x) = lim
x→∞

x(x− 1) =∞

yazabiliriz.
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Örnek 12

lim
x→∞

x2 + x

3− x
limitini bulunuz.

Çözüm.

Pay ve paydayı (paydadaki polinomum en yüksek kuvveti olan) x ile
bölerek, x→∞ iken x+ 1→∞ ve 3/x− 1→ −1 olduğundan,

lim
x→∞

x2 + x

3− x
= lim

x→∞

x+ 1
3
x − 1

= −∞

buluruz.
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