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f(x) = 2x fonksiyonunda değişken x bir üst olduğundan bu fonksiyon
üstel fonksiyondur.

Bu fonksiyon, değişken x’in tabanda olduğu g(x) = x2 kuvvet fonksiyonu
ile karıştırılmamalıdır.

Genel olarak, a sayısının pozitif bir sabit sayı olduğu

f(x) = ax

fonksiyonuna üstel fonksiyon denir.
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y = 2x ve y = (0.5)x fonksiyonlarının grafikleri aşağıdaki Şekilde
gösterilmiştir. Her iki durumda da tanım kümesi (−∞,∞) ve görüntü
kümesi (0,∞) dir.

Also, the zeros of the sine function occur at the integer multiples of ; that is,

An important property of the sine and cosine functions is that they are periodic
functions and have period . This means that, for all values of ,

The periodic nature of these functions makes them suitable for modeling repetitive
phenomena such as tides, vibrating springs, and sound waves. For instance, in
Example 4 in Section 1.3 we will see that a reasonable model for the number of hours
of daylight in Philadelphia t days after January 1 is given by the function

The tangent function is related to the sine and cosine functions by the equation

and its graph is shown in Figure 19. It is undefined when , that is, when
, Its range is . Notice that the tangent function has per-

iod :

The remaining three trigonometric functions (cosecant, secant, and cotangent) are 
the reciprocals of the sine, cosine, and tangent functions. Their graphs are shown in
Appendix C.

Exponential Functions

These are the functions of the form , where the base is a positive constant.
The graphs of and are shown in Figure 20. In both cases the domain
is and the range is .

Exponential functions will be studied in detail in Section 1.5 and we will see that
they are useful for modeling many natural phenomena, such as population growth (if

) and radioactive decay (if a � 1�.a 	 1
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The graphs of members of the family of functions are shown in Figure 3 for
various values of the base a. Notice that all of these graphs pass through the same
point because for . Notice also that as the base a gets larger, the
exponential function grows more rapidly (for ).

You can see from Figure 3 that there are basically three kinds of exponential func-
tions . If , the exponential function decreases; if , it is a con-
stant; and if , it increases. These three cases are illustrated in Figure 4. Observe
that if , then the exponential function has domain � and range .
Notice also that, since , the graph of is just the reflec-
tion of the graph of about the -axis.

One reason for the importance of the exponential function lies in the following
properties. If x and y are rational numbers, then these laws are well known from ele-
mentary algebra. It can be proved that they remain true for arbitrary real numbers 
x and y.

Laws of Exponents If a and b are positive numbers and x and y are any real num-
bers, then
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� If , then approaches as
becomes large. If , then 

approaches as x decreases through
negative values. In both cases the 
x-axis is a horizontal asymptote. These
matters are discussed in Section 2.5.

0
a xa 	 1x

0a x0 � a � 1
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Üstellik Kuralları
a, b > 0 ve x, y ∈ R gerçel sayılar olsun. Bu durumda, aşağıdakiler
geçerlidir.

1 ax+y = axay.

2 ax−y =
ax

ay
.

3 (ax)y = axy.

4 (ab)x = axbx.
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Örnek 1
y = 3− 2x foksiyonunun grafiğini çiziniz.

Çözüm.

Önce y = 2x fonksiyonunun grafiğini x−ekseninde yansıtarak y = −2x
nin grafiğini buluruz. Sonra da bu grafiği yukarı doğru 3 birim kaydırarak
y = 3− 2x nin grafiğini buluruz.
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Çözüm (devamı).

EXAMPLE 1 Sketch the graph of the function and determine its domain
and range.

SOLUTION First we reflect the graph of (shown in Figure 2) about the x-axis 
to get the graph of in Figure 5(b). Then we shift the graph of 
upward three units to obtain the graph of in Figure 5(c). The domain is
� and the range is .

EXAMPLE 2 Use a graphing device to compare the exponential function 
and the power function . Which function grows more quickly when x is
large?

SOLUTION Figure 6 shows both functions graphed in the viewing rectangle 
by . We see that the graphs intersect three times, but for , the graph of

stays above the graph of . Figure 7 gives a more global view and
shows that for large values of x, the exponential function grows far more
rapidly than the power function .

Applications of Exponential Functions

The exponential function occurs very frequently in mathematical models of nature and
society. Here we indicate briefly how it arises in the description of population growth 
and radioactive decay. In later chapters we will pursue these and other applications in
greater detail.

First we consider a population of bacteria in a homogeneous nutrient medium.
Suppose that by sampling the population at certain intervals it is determined that the
population doubles every hour. If the number of bacteria at time t is , where t is p�t�
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� For a review of reflecting and 
shifting graphs, see Section 1.3.

� Example 2 shows that 
increases more quickly than . 
To demonstrate just how quickly

increases, let’s perform 
the following thought experiment.
Suppose we start with a piece of paper
a thousandth of an inch thick and we
fold it in half 50 times. Each time we
fold the paper in half, the thickness of
the paper doubles, so the thickness of 
the resulting paper would be 
inches. How thick do you think that is?
It works out to be more than 17 million
miles!
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e Sayısı

Tabanlar arasında a sayısının seçimi y = ax fonksiyonunun y−eksenini
nasıl kestiği ile ilgilidir. Şekilde y = 2x ve y = 3x foksiyonlarının
grafiklerine (0, 1) noktasında çizilen teğet doğruları gösterilmektedir.

EXAMPLE 3 The half-life of strontium-90, , is 25 years. This means that half of
any given quantity of will disintegrate in 25 years.
(a) If a sample of has a mass of 24 mg, find an expression for the mass 
that remains after t years.
(b) Find the mass remaining after 40 years, correct to the nearest milligram.
(c) Use a graphing device to graph and use the graph to estimate the time
required for the mass to be reduced to 5 mg.

SOLUTION
(a) The mass is initially 24 mg and is halved during each 25-year period, so

From this pattern, it appears that the mass remaining after t years is

This is an exponential function with base .

(b) The mass that remains after 40 years is

(c) We use a graphing calculator or computer to graph the function
in Figure 10. We also graph the line and use the cursor to

estimate that when . So the mass of the sample will be reduced to
5 mg after about 57 years.

The Number e

Of all possible bases for an exponential function, there is one that is most convenient
for the purposes of calculus. The choice of a base a is influenced by the way the graph
of crosses the y-axis. Figures 11 and 12 show the tangent lines to the graphs 
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Bu teğet doğrularının eğimlerini ölçersek y = 2x için m ≈ 0.7’yi, y = 3x

için m ≈ 1.1’i buluruz.
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Kalkülüsteki bazı formüller, taban sayısı a olmak üzere y = ax grafiğine
(0, 1) noktasında çizilen teğet doğrusunun eğimi tam 1 olacak şekilde
seçildiğinde çok kolaylaşacaktır.

of and at the point . (Tangent lines will be defined precisely in
Section 2.6. For present purposes, you can think of the tangent line to an exponential
graph at a point as the line that touches the graph only at that point.) If we measure
the slopes of these tangent lines, we find that for and for

.
It turns out, as we will see in Chapter 3, that some of the formulas of calculus will

be greatly simplified if we choose the base a so that the slope of the tangent line to
at is exactly 1 (see Figure 13). In fact, there is such a number and it is

denoted by the letter e. (This notation was chosen by the Swiss mathematician Leon-
hard Euler in 1727, probably because it is the first letter of the word exponential.) In
view of Figures 11 and 12, it comes as no surprise that the number e lies between 2
and 3 and the graph of lies between the graphs of and (see Fig-
ure 14). In Chapter 3 we will see that the value of e, correct to five decimal places, is

EXAMPLE 4 Graph the function and state the domain and range.

SOLUTION We start with the graph of from Figures 13 and 15(a) and reflect
about the y-axis to get the graph of in Figure 15(b). (Notice that the graph
crosses the y-axis with a slope of �1). Then we compress the graph vertically by a
factor of 2 to obtain the graph of in Figure 15(c). Finally, we shift the
graph downward one unit to get the desired graph in Figure 15(d). The domain is �
and the range is .

How far to the right do you think we would have to go for the height of the graph
of to exceed a million? The next example demonstrates the rapid growth of this
function by providing an answer that might surprise you.
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FIGURE 13
The natural exponential function
crosses the y-axis with a slope of 1.
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Module 1.5 enables you to
graph exponential functions with

various bases and their tangent lines in
order to estimate more closely the value
of for which the tangent has slope .1a
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Gerçekten böyle bir sayı vardır ve e harfi ile gösterilir.1 e sayısının 2 ve 3
arasında, y = ex fonksiyonunun grafiğinin de y = 2x ile y = 3x arasında
kalması şaşırtıcı olmamalıdır.
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1Bu gösterim ilk kez İsviçreli matematikçi Leonhard Euler tarafından 1727 yılında,
muhtemelen, üstel anlamına gelen exponential kelimesinin ilk harfi e olduğu için
kullanılmıştır.
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Örnek 2

y =
1

2
e−x − 1 fonksiyonunun grafiğini çiziniz. Ayrıca, tanım ve görüntü

kümelerini bulunuz.

Çözüm.

y = ex fonksiyonunun gradiğini y−eksenine göre yansıtarak, y = e−x

grafiğini elde ederiz. Bu grafiği, düşey yönde 2 oranında sıkıştırarak

y =
1

2
e−x grafiğini buluruz. Son olarak, grafiği aşağı doğru 1 birim

kaydırarak istenen grafiği elde ederiz. Tanım kümesi R, görüntü kümesi
ise (−1,∞) aralığıdır.
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Çözüm (devamı).

of and at the point . (Tangent lines will be defined precisely in
Section 2.6. For present purposes, you can think of the tangent line to an exponential
graph at a point as the line that touches the graph only at that point.) If we measure
the slopes of these tangent lines, we find that for and for

.
It turns out, as we will see in Chapter 3, that some of the formulas of calculus will

be greatly simplified if we choose the base a so that the slope of the tangent line to
at is exactly 1 (see Figure 13). In fact, there is such a number and it is

denoted by the letter e. (This notation was chosen by the Swiss mathematician Leon-
hard Euler in 1727, probably because it is the first letter of the word exponential.) In
view of Figures 11 and 12, it comes as no surprise that the number e lies between 2
and 3 and the graph of lies between the graphs of and (see Fig-
ure 14). In Chapter 3 we will see that the value of e, correct to five decimal places, is

EXAMPLE 4 Graph the function and state the domain and range.

SOLUTION We start with the graph of from Figures 13 and 15(a) and reflect
about the y-axis to get the graph of in Figure 15(b). (Notice that the graph
crosses the y-axis with a slope of �1). Then we compress the graph vertically by a
factor of 2 to obtain the graph of in Figure 15(c). Finally, we shift the
graph downward one unit to get the desired graph in Figure 15(d). The domain is �
and the range is .

How far to the right do you think we would have to go for the height of the graph
of to exceed a million? The next example demonstrates the rapid growth of this
function by providing an answer that might surprise you.
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Üstel Fonksiyonlar ve Logaritma Fonksiyonları Logaritma Fonksiyonları

Logaritma Fonksiyonları

a > 0 ve a 6= 1 için, f(x) = ax fonksiyonu artan ya da azalan
olduğundan (Yatay Doğru Ölçütü gereğince) bire-birdir.

Bu nedenle, tersi olan f−1 vardır. Bu fonksiyona a tabanına göre
logaritma fonksiyonu adı verilir ve loga ile gösterilir.



Üstel Fonksiyonlar ve Logaritma Fonksiyonları Logaritma Fonksiyonları

Ters fonksiyon için

f−1(x) = y ⇐⇒ f(y) = x

koşulunu kullanırsak

loga x = y ⇐⇒ ay = x

elde ederiz.

Bu nedenle, x > 0 için loga(x), a tabanının x sayısını vermesi için gerekli
olan üssüdür.
Örneğin, 10−3 = 0.001 olduğundan log10(0.001) = −3’tür.



Üstel Fonksiyonlar ve Logaritma Fonksiyonları Logaritma Fonksiyonları

Yok etme kuralları f(x) = ax ve f−1(x) = loga(x) fonksiyonları için
kullanılırsa

loga(a
x) = x, x ∈ R

aloga x = x, x > 0

elde edilir.

Özel olarak, x = 1 alırsak
loga(a) = 1

elde ederiz.
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loga x logaritma fonksiyonunun tanım kümesi (0,∞), görüntü kümesi ise
R’dir. Grafiği ise y = ax fonksiyonunun y = x doğrusuna göre
yansımasıdır.

The logarithmic function has domain and range . Its graph is the
reflection of the graph of about the line .

Figure 11 shows the case where . (The most important logarithmic functions
have base .) The fact that is a very rapidly increasing function for 
is reflected in the fact that is a very slowly increasing function for .

Figure 12 shows the graphs of with various values of the base . Since
, the graphs of all logarithmic functions pass through the point .

The following properties of logarithmic functions follow from the corresponding
properties of exponential functions given in Section 1.5.

Laws of Logarithms If x and y are positive numbers, then

1.

2.

3. (where r is any real number)

EXAMPLE 6 Use the laws of logarithms to evaluate .

SOLUTION Using Law 2, we have

because .

Natural Logarithms

Of all possible bases for logarithms, we will see in Chapter 3 that the most conven-
ient choice of a base is the number , which was defined in Section 1.5. The logarithm
with base is called the natural logarithm and has a special notation:

If we put and replace with ln in (6) and (7), then the defining properties
of the natural logarithm function become

In particular, if we set , we get

ln e � 1

x � 1

 e ln x � x x 	 0

 ln�ex � � x x � �9

ey � x&?ln x � y8

logea � e

loge x � ln x

e
e

a

24 � 16

log2 80 � log2 5 � log2
80

5 � � log2 16 � 4

log2 80 � log2 5

loga�xr � � r loga x

loga
 x

y� � loga x � loga y

loga�xy� � loga x � loga y

�1, 0�loga 1 � 0
ay � loga x

x 	 1y � loga x
x 	 0y � axa 	 1

a 	 1
y � xy � ax

��0, ��loga
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� Notation for Logarithms
Most textbooks in calculus and the 
sciences, as well as calculators, use the
notation for the natural logarithm
and for the “common logarithm,”

. In the more advanced mathe-
matical and scientific literature and in
computer languages, however, the 
notation usually denotes the natural
logarithm.

log x

log10 x
log x

ln x

Şekil a > 1 için bir örnektir. (En önemli logaritma fonksiyonlarının tabanı
için a > 1’dir.)
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. In the more advanced mathe-
matical and scientific literature and in
computer languages, however, the 
notation usually denotes the natural
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log x

log10 x
log x

ln x

x > 0 için y = ax

fonksiyonu çok hızlı artan
bir fonksiyon olduğundan,
x > 1 değerleri için y =
loga(x) fonksiyonu çok
yavaş artan bir fonksiyon-
dur.

Şekilde a sayısının farklı değerleri için loga(x) fonksiyonlarının grafikleri
verilmektedir.
loga(1) = 0 olduğundan tüm logaritma fonksiyonlarının grafikleri (1, 0)
noktasından geçerler.
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Logaritma Kuralları

x, y > 0 ve r ∈ R olmak üzere aşağıdakiler geçerlidir.

1 loga(xy) = loga(x) + loga(y).

2 loga

(
x

y

)
= loga(x)− loga(y).

3 loga
(
xr
)
= r loga(x).
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Örnek 3
Logaritma kuralları ile log2 80− log2 5 ifadesinin değerini bulunuz.

Çözüm.

2. Kuralı kullanarak

log2 80− log2 5 = log2

(
80

5

)
= log2 16 = 4

elde ederiz, çünkü 24 = 16 dir.
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Doğal Logaritma

e tabanına göre logaritmaya doğal logaritma denir ve

loge x = lnx

biçiminde özel bir gösterime sahiptir.

Doğal logaritma fonksiyonunu tanımlayan özellikler

lnx = y ⇐⇒ ey = x (1)

ln(ex) = x x ∈ R

elnx = x x > 0 (2)

biçimindedir.
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Özel olarak, x = 1 alırsak
ln e = 1

elde ederiz.

Herhangi bir pozitif a sayısı için

loga x =
lnx

ln a
, a > 0, a 6= 1

eşitliği geçerlidir.



Üstel Fonksiyonlar ve Logaritma Fonksiyonları Doğal Logaritma

Örnek 4
ln(x) = 5 ise x sayısını bulunuz.

Çözüm 1.

Denklem (1) dan
lnx = 5 iken e5 = x

olduğunu görürüz. Bu nedenle x = e5 dir.
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Çözüm 2.

lnx = 5

denklemi ile başlayıp, her iki tarafı e sayısının üstel fonksiyonu olarak
yazarsak

elnx = e5

elde ederiz. Burada denklem (2) deki ikinci yok etme kuralı elnx = x
olduğunu söyler. Bu nedenle x = e5 olur.
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Örnek 5
e5−3x = 10 denklemini çözünüz.

Çözüm.

Her iki tarafın doğal logaritmasını alıp denklem (2) yi kullanırsak:

ln(e5−3x) = ln 10

5− 3x = ln 10

3x = 5− ln 10

x =
1

3
(5− ln 10)

elde edilir.
Doğal logaritmanın değerini bilimsel hesap makinesi kullanarak hesaplayıp
çözümü dört basamakta yaklaşık olarak x ≈ 0.8991 şeklinde
yazabiliriz.
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Örnek 6

ln a+
1

2
ln b toplamını bir sayının logaritması olarak ifade ediniz.

Çözüm.

Logaritma kurallarından 1 ve 3 ü kullanarak

ln a+
1

2
ln b = ln a+ ln b1/2

= ln a+ ln
√
b

= ln(a
√
b)

elde ederiz.
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Üstel fonksiyon y = ex’in ve tersi doğal logaritma fonksiyonunun
grafikleri Şekil 1 da gösterilmiştir. y = ex eğrisi, y−eksenini 1 eğimle
kestiğinden y = ln(x) eğrisi, x-eksenini 1 eğimle keser.

Proof Let . Then, from (6), we have . Taking natural logarithms of
both sides of this equation, we get . Therefore

Scientific calculators have a key for natural logarithms, so Formula 10 enables 
us to use a calculator to compute a logarithm with any base (as shown in the next
example). Similarly, Formula 10 allows us to graph any logarithmic function on a
graphing calculator or computer (see Exercises 43 and 44).

EXAMPLE 10 Evaluate correct to six decimal places.

SOLUTION Formula 10 gives

EXAMPLE 11 In Example 3 in Section 1.5 we showed that the mass of that
remains from a 24-mg sample after t years is . Find the
inverse of this function and interpret it.

SOLUTION We need to solve the equation for t. We start by isolating
the exponential and taking natural logarithms of both sides:

So the inverse function is

This function gives the time required for the mass to decay to m milligrams. In par-
ticular, the time required for the mass to be reduced to 5 mg is

This answer agrees with the graphical estimate that we made in Example 3 in Sec-
tion 1.5.

The graphs of the exponential function and its inverse function, the natural
logarithm function, are shown in Figure 13. Because the curve crosses the
y-axis with a slope of 1, it follows that the reflected curve crosses the x-axis
with a slope of 1.

y � ln x
y � ex

y � ex

t � f �1�5� �
25

ln 2
�ln 24 � ln 5� � 56.58 years

f �1�m� �
25

ln 2
�ln 24 � ln m�

 t � �
25

ln 2
�ln m � ln 24� �

25

ln 2
 �ln 24 � ln m�

�  
t

25
ln 2 � ln m � ln 24

 ln�2�t	25� � ln
 m

24�
 2�t	25 �

m

24

m � 24 � 2�t	25

m � f �t� � 24 � 2�t	25

90Sr

log8 5 �
ln 5

ln 8
� 0.773976

log8 5

y �
ln x

ln a

y ln a � ln x
ay � xy � loga x

SECTION 1.6 INVERSE FUNCTIONS AND LOGARITHMS � 71
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y=x
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FIGURE 13 Şekil 1:
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Örnek 7
y = ln(x− 2)− 1 fonksiyonunun grafiğini çiziniz.

Çözüm.

y = lnx fonksiyonunun Şekil 1 da verilen grafiği ile başlayalım.
Dönüşümleri kullanarak 2 birim sağa kaydırıp y = ln(x− 2)
fonksiyonunun grafiğini ve 1 birim aşağı kaydırarak da y = ln(x− 2)− 1
fonksiyonunun grafiğini elde ederiz.

In common with all other logarithmic functions with base greater than 1, the natu-
ral logarithm is an increasing function defined on and the y-axis is a vertical
asymptote. (This means that the values of become very large negative as 
approaches 0.)

EXAMPLE 12 Sketch the graph of the function .

SOLUTION We start with the graph of as given in Figure 13. Using the 
transformations of Section 1.3, we shift it two units to the right to get the graph 
of and then we shift it one unit downward to get the graph of

. (See Figure 14.)

Although is an increasing function, it grows very slowly when . In fact,
grows more slowly than any positive power of . To illustrate this fact, we 

compare approximate values of the functions and in the 
following table and we graph them in Figures 15 and 16. You can see that initially the
graphs of and grow at comparable rates, but eventually the root func-
tion far surpasses the logarithm.

x0

y

1000

20

y=œ„x

y=ln x

x0

y

1

1

y=œ„x

y=ln x

FIGURE 16FIGURE 15

y � ln xy � sx

y � x 1	2 � sxy � ln x
xln x

x 	 1ln x
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x=2

y=ln(x-2)

0

y

x

y=ln x

(1, 0)

y � ln�x � 2� � 1
y � ln�x � 2�

y � ln x

y � ln�x � 2� � 1

xln x
�0, ��

72 � CHAPTER 1 FUNCTIONS AND MODELS

x 1 2 5 10 50 100 500 1000 10,000 100,000

0 0.69 1.61 2.30 3.91 4.6 6.2 6.9 9.2 11.5

1 1.41 2.24 3.16 7.07 10.0 22.4 31.6 100 316

0 0.49 0.72 0.73 0.55 0.46 0.28 0.22 0.09 0.04
ln x

sx

sx

ln x
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Artan bir fonksiyon olan ln(x), x > 1 değerleri için çok yavaş artar. Bu

gerçeği görmek için y = ln(x) ve y = x
1
2 =
√
x fonksiyonlarının grafikleri

Şekilde verilmiştir. Başlangıçta iki fonksiyon da benzer davranış
gösterirken daha sonra kök fonksiyonunun logaritmadan daha hızlı
büyüdüğü görülmektedir.

In common with all other logarithmic functions with base greater than 1, the natu-
ral logarithm is an increasing function defined on and the y-axis is a vertical
asymptote. (This means that the values of become very large negative as 
approaches 0.)

EXAMPLE 12 Sketch the graph of the function .

SOLUTION We start with the graph of as given in Figure 13. Using the 
transformations of Section 1.3, we shift it two units to the right to get the graph 
of and then we shift it one unit downward to get the graph of

. (See Figure 14.)

Although is an increasing function, it grows very slowly when . In fact,
grows more slowly than any positive power of . To illustrate this fact, we 

compare approximate values of the functions and in the 
following table and we graph them in Figures 15 and 16. You can see that initially the
graphs of and grow at comparable rates, but eventually the root func-
tion far surpasses the logarithm.
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