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Bir C eğrisi, y = f(x) denklemi ile verilmiş olsun. C eğrisinin P (a, f(a))
noktasındaki teğetini bulmak istersek P ’nin yakınındaki x 6= a koşulunu
sağlayan bir Q(x, f(x)) noktasını alarak PQ kiriş doğrusunun eğimini
hesaplarız.

; (b) By graphing the function in part (a) and the line 
on a common screen, find a number such that

when

What if 1.9 is replaced by 1.99?

x � N
4x 2 � 5x

2x 2 � 1
� 1.9

N
y � 1.945. (a) Show that .

; (b) By graphing and y � 0.1 on a common
screen, discover how large you need to make x so that

.
(c) Can you solve part (b) without using a graphing device?
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Tangents, Velocities, and Other Rates of Change � � � � � � �

In Section 2.1 we guessed the values of slopes of tangent lines and velocities on the
basis of numerical evidence. Now that we have defined limits and have learned tech-
niques for computing them, we return to the tangent and velocity problems with the
ability to calculate slopes of tangents, velocities, and other rates of change.

Tangents

If a curve has equation and we want to find the tangent to at the point
, then we consider a nearby point , where , and compute the

slope of the secant line :

Then we let approach along the curve by letting approach . If 
approaches a number , then we define the tangent t to be the line through with
slope . (This amounts to saying that the tangent line is the limiting position of the
secant line as approaches . See Figure 1.)

Definition The tangent line to the curve at the point is
the line through with slope

provided that this limit exists.
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x değeri a’ya yaklaştıkça Q noktası da eğri üzerinden P noktasına
yaklaşacaktır. Eğer mPQ bir m sayısına yaklaşırsa t teğetini P ’den geçen
ve eğimi m olan doğru olarak tanımlarız. Bu, teğet doğrusunun, Q
noktası ve P ’ye yaklaşırken PQ kiriş doğrularının limit durumu olduğunu
söylemek demektir.
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Tanım 1
Eğer aşağıdaki limit varsa y = f(x) eğrisinin P (a, f(a)) noktasındaki
teğet doğrusu, P (a, f(a)) noktasından geçen ve eğimi

m = lim
x→a

f(x)− f(a)

x− a

olan doğrudur.

Bir eğrinin bir noktasındaki teğetinin eğimini, eğrinin o noktadaki eğimi
olarak da adlandırırız. Bunun ardındaki fikir, eğrinin üzerindeki noktaya
yeterince odaklanıldığında eğrinin adeta bir doğru gibi görünmesidir.
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Şekilde bu işlem y = x2 eğrisi için gösterilmektedir.
Ne kadar çok odaklanılırsa parabol o kadar çok bir doğruya
benzemektedir.
Başka bir deyişle, eğri adeta teğet doğrusundan ayırt edilemez hale
gelmektedir.

In our first example we confirm the guess we made in Example 1 in Section 2.1.

EXAMPLE 1 Find an equation of the tangent line to the parabola at the 
point .

SOLUTION Here we have and , so the slope is

Using the point-slope form of the equation of a line, we find that an equation of the
tangent line at is

We sometimes refer to the slope of the tangent line to a curve at a point as the slope
of the curve at the point. The idea is that if we zoom in far enough toward the point,
the curve looks almost like a straight line. Figure 2 illustrates this procedure for 
the curve in Example 1. The more we zoom in, the more the parabola looks
like a line. In other words, the curve becomes almost indistinguishable from its tan-
gent line.

There is another expression for the slope of a tangent line that is sometimes easier
to use. Let

Then

so the slope of the secant line is

mPQ �
 f �a � h� � f �a�

h

PQ
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h � x � a

FIGURE 2
Zooming in toward the point (1, 1) on the parabola y=≈
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� Point-slope form for a line through the
point with slope :

y � y1 � m�x � x1�

m�x1, y1�
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Teğet doğrusunun eğimi için bazı durumlarda kullanımı daha kolay olan
bir başka ifade vardır. h = x− a olsun. x = a + h

h = x− a

olsun. O zaman,
x = a + h

olur. Dolayısıyla, PQ kiriş doğrusunun eğimi aşağıdaki gibidir.

mPQ =
f(a + h)− f(a)

h



Teğetler, Hızlar ve Diğer Değişim Hızları Teğetler(See Figure 3 where the case is illustrated and is to the right of . If it hap-
pened that , however, would be to the left of .)

Notice that as approaches , approaches (because ) and so the
expression for the slope of the tangent line in Definition 1 becomes

EXAMPLE 2 Find an equation of the tangent line to the hyperbola at the
point .

SOLUTION Let . Then the slope of the tangent at is

Therefore, an equation of the tangent at the point is 

which simplifies to

The hyperbola and its tangent are shown in Figure 4.

Velocities

In Section 2.1 we investigated the motion of a ball dropped from the CN Tower and
defined its velocity to be the limiting value of average velocities over shorter and
shorter time periods.

In general, suppose an object moves along a straight line according to an equation
of motion , where is the displacement (directed distance) of the object from
the origin at time . The function that describes the motion is called the position ft
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Şekilde h > 0 durumu gösterilmiştir ve Q, P ’nin sağındadır. h < 0
durumunda Q, P ’nin solunda olmalıdır.
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x, a’ya yaklaştıkça h’nin de 0’a yaklaştığına dikkat ediniz çünkü
h = x− a’dır. Dolayısıyla, tanımdaki teğet doğrusunun eğiminin ifadesi

m = lim
h→0

f(a + h)− f(a)

h

biçimine dönüşür.
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Örnek 2
y = x2 parabolünün P (1, 1) noktasındaki teğet doğrusunun denklemini
bulunuz.

Çözüm.

a = 1 ve f(x) = x2 olduğundan, eğim

m = lim
x→1

f(x)− f(1)

x− 1
= lim

x→1

x2 − 1

x− 1

= lim
x→1

(x− 1)(x + 1)

x− 1
= lim

x→1
(x + 1) = 1 + 1 = 2

dir. Doğru denkleminin nokta-eğim biçimini kullanarak, (1, 1)
noktasındaki teğet doğrusunun denkleminin

y − 1 = 2(x− 1) ya da y = 2x− 1

olduğunu buluruz.
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Hızlar

Genel olarak, s = f(t), hareket denklemi uyarınca bir doğru boyunca
hareket eden bir cisim düşünelim. Burada s, cismin başlangıç noktasındak
başlayarak (yönü de dikkate alan) yer değiştirmesini göstersin.

Hareketi tanımlayan f fonksiyonuna cismin konum fonksiyonu denir.
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function of the object. In the time interval from to the change in
position is . (See Figure 5.) The average velocity over this time inter-
val is

which is the same as the slope of the secant line in Figure 6.

Now suppose we compute the average velocities over shorter and shorter time
intervals . In other words, we let approach . As in the example of the
falling ball, we define the velocity (or instantaneous velocity) at time to
be the limit of these average velocities:

This means that the velocity at time is equal to the slope of the tangent line at
(compare Equations 2 and 3).
Now that we know how to compute limits, let’s reconsider the problem of the fall-

ing ball.

EXAMPLE 3 Suppose that a ball is dropped from the upper observation deck of the 
CN Tower, 450 m above the ground.
(a) What is the velocity of the ball after 5 seconds?
(b) How fast is the ball traveling when it hits the ground?

SOLUTION We first use the equation of motion to find the velocity
after seconds:

(a) The velocity after 5 s is m�s.

(b) Since the observation deck is 450 m above the ground, the ball will hit the
ground at the time when , that is,

This gives

The velocity of the ball as it hits the ground is therefore
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� Recall from Section 2.1: The distance
(in meters) fallen after seconds is .4.9t 2t
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t = a ile t = a + h arasındaki zaman aralığında konumdaki değişim,
f(a + h)− f(a) olur.
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Bu zaman aralığındaki ortalama hız

ortalama hız =
yerdeğiştirme

zaman
=

f(a + h)− f(a)

h

ile ifade edilir ve Şekildeki PQ kiriş doğrusunun eğimi ile aynıdır.
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mPQ =
f(a + h)− f(a)

h
= ortalama hız
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Şimdi ortalama hızları, daha da kısa [a, a + h] zaman aralıklarında
hesapladığımızı varsayalım. Başka bir deyişle, h sıfıra yaklaşsın. t = a
anındaki v(a) hızını (ya da anlık hızı bu ortalama hızların limiti olarak
tanımlarız:

v(a) = lim
h→0

f(a + h)− f(a)

h
(1)

Bu, t = a anındaki hızın, P deki teğet doğrusunun eğimine eşit olduğu
anlamına gelir.


	Tegetler, Hızlar ve Diger Degisim Hızları

